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ABSTRACT
The first quantum correction to the IIA string effective action arises at the eight-derivative level and takes
the schematic form (t8t8 − 18ǫ10ǫ10)R4 + B2 ∧ X8. This correction, however, cannot be complete by itself,
as it is neither supersymmetric nor T-duality covariant. We reexamine these eight-derivative couplings and
conjecture that the simple replacement R→ R(Ω+), where Ω+ = Ω+ 12H is the connection with torsion, nearly
completely captures their dependence on the B-field. The exception is in the odd-odd spin structure sector,
where additional terms are needed. We present here a complete result at the level of the five-point function and
a partial one for the six-point function. Further evidence for this conjecture comes from considering T-duality
as well as heterotic/IIA duality beyond leading order. Finally, we discuss the eleven-dimensional lift of the
modified one-loop type IIA couplings.
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1 Introduction
Since string theory reduces in its low energy limit to an effective supergravity theory, one must go beyond
this limit in order to capture truly stringy behavior. Such stringy corrections may be encoded in both the α′
and the genus expansion, with the former generating higher derivative corrections to the supergravity and the
latter corresponding to string quantum corrections in spacetime. For the type II string, these corrections start
at the eight derivative level, and were first obtained at the tree level from four-graviton scattering [1,2] as well
as from the σ-model beta function approach [3–8]. These tree level corrections take the form
e−1L ∼ e−2φ(t8t8R4 + 18ǫ10ǫ10R4). (1.1)
The one-loop expression has a similar structure in the CP-even sector [9]
e−1LCP-even ∼ (t8t8R4 ∓ 18 ǫ10ǫ10R4), (1.2)
where the top (bottom) sign is for the IIA (IIB) theory. In addition, the IIA theory has a CP-odd one-loop
term [10, 11]
LCP-odd ∼ B2 ∧ [trR4 − 14 (trR2)2]. (1.3)
The above expressions, however, cannot be complete, as supersymmetry will necessarily bring in additional
eight-derivative terms built from the other fields in the supergravity multiplet. For the type II string, this
includes the B field and dilaton in the NSNS sector, the p-form field strengths in the RR sector, and the
fermionic superpartners. Although it would be desirable to obtain a complete supersymmetric invariant at the
eight-derivative level, the goal of this paper is more modest. In particular, we reexamine the one-loop R4 terms
in the type II effective theories and attempt to establish the completion of these terms involving the B field.
We work in the covariant worldsheet formulation of the type II string, and find that all that is required in
the even-even and the (even-odd + odd-even) spin structure sectors is the replacement of the Riemann tensor
by a four-index tensor computed using a connection with torsion
Rµν
αβ → Rµναβ(Ω+) ≡ Rµναβ +∇[µHν]αβ + 12H[µαγHν]γβ . (1.4)
We argue that, in all except the odd-odd spin structure sector, this replacement captures the full structure of
the corrections to all powers in H = dB. A similar replacement is needed in the odd-odd sector. However,
this is not sufficient, and new kinematic structures beyond the standard ǫǫR4 appear in terms involving higher
powers of H , such as H2R3, H4R2, etc. We present here a complete result at the level of the five-point function
and a partial one for the six-point function. Computations involving the one-loop five-point function can be
found in the literature [12–17], but the results pertaining to the six-point function are new.
Stringy higher derivative quantum corrections have been studied for a long time and have proved to be
important in a number of contexts. Yet our knowledge of these terms, even the simplest one-loop contributions
to the effective action, is far from being complete. It is worth expanding on some of our motivations:
Supersymmetry: While it is believed that different super-invarints made of curvatures should exist, clearly
the B field and dilaton (at least in the Einstein frame) are needed in order to have minimal supersymmetry
in D = 10. Note that, e.g., the verification of the fact that B ∧X8(R) and (t8t8 − 18ǫ10ǫ10)R4 are related by
supersymmetry is done only at the linearized level.
The R4 couplings in ten dimensions play a crucial role in understanding the quantum moduli space of
N = 2 theories, and it can be shown that all R2 terms in N = 2 theories descend from these [18, 19]. The
supersymmetry of the former can be checked explicitly. Indeed, these arise from the expansion of F1W
2|F-terms,
where F1 is a a function of the chiral vector superfields, and W is the N = 2 chiral Weyl superfield. Note that
in the four-dimensional N = 2 context, the B-field is in the hypermatter and is no longer in the same multiplet
as the graviton, and hence is a priori irrelevant for the above-mentioned couplings. However controlling at
least the H2R3-order terms is important for better understanding of the hypermultiplet moduli spaces and the
higher-derivative mixing of vector and hypermultiplets.
Dualities: The couplings involving only the curvature terms suffer from at least two types of problems:
• Clearly expressions made solely out of curvatures cannot have reasonable T-duality properties; in partic-
ular there is no hope of constructing any invariant.
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• Since the duality interchanges Bianchi identities (tree-level) and equations of motion (one-loop), higher
curvature terms are important for N = 4 heterotic/Type II duality. However the heterotic Bianchi iden-
tity is highly non-linear, and the curvature terms appearing there are constructed out of a connection with
torsion. So far the duality has been checked at the linearized level, completely ignoring the dependance
of the heterotic Bianchi identity on H .
These two dualities will provide important tests for our results.
Flux backgrounds: Even if higher curvature terms are often our best hope for avoiding the no-go theorems
for flux compactifications, they have remained largely unexplored. Understanding the H-flux in one-loop terms
has already helped with some AdS results, such as the stringy calculation of c − a, but clearly more remains
to be done. This will eventually be important for both Minkowski and AdS compactifications.
Testing generalised geometry: Generalised geometry determined by the B-field has proven to be extremely
useful in understanding the (on and off shell) classical superymmetry. In particular, the generalised Levi-Civita
connection ∇B is used to form Dirac operators. On the mathematical side, the appropriate local index theorem
with torsionful connections have been known for some time [20]. It is a natural question to ask how much
generalised geometry captures the systematics of the string perturbation theory (and maybe the so called
exceptional generalised geometry of the full string theory). Understanding R4 corrections would be the first
step in this direction.
The B2 ∧ X8 term, (1.3), seems to be a good starting point for studying the effects of the B-field, since
it is related to anomalies and is robust. It is clear right away that the only possible modification of X8 is an
addition of a closed term X8 7→ X8 + Y with dY = 0. Indeed, in the absence of NS5 branes, the coupling
should be invariant under the B field gauge transformation B 7→ B+dΛ. Moreover, the shift Y must be exact.
This is required by the invariance of the coupling under diffeomorphisms (in the absence of NS5). Moreover,
a non-exact Y would modify the anomaly cancellation mechanism since X8 and the fivebrane worldvolume
anomaly are related via the inflow mechanism. The spinorial cohomology arguments might provide another
argument for Y being exact.
We shall argue that not only is Y exact, but that this exact shift is induced by the shift in the connection,
and the complete X8 should be computed using a connection with torsion. Replacing Riemann curvatures
by torsionful ones is known not to work for the full set of quantum corrections (or even at the leading two-
derivative order) beyond the linearised level. Once more, the special nature of B2∧X8 plays an important role
here, and as we shall see, replacing the Levi-Civita connection by a torsional one Ω −→ Ω± = Ω± 12H whereHαβ = Hµαβdxµ works. Note that X8 computed from the torsional connection will have all powers of torsion
which would clash with the CP-invariance of the effective action. Fortunately, the GSO projection for the IIA
string simply restores the symmetry of the theory under the reversal of B, and in fact
X8(Ω
LC) −→ 1
2
[X8(Ω+) +X8(Ω−)] . (1.5)
One expects a relative minus sign for the IIB string, but as we shall argue, there the entire coupling must
vanish on-shell. This claim is tested by T-duality and heterotic/Type II duality (with 16 supercharges), and
backed by string calculations. This is the story of the contribution from the even-odd ± odd-even worldsheet
spin structures.
How about the even-even and odd-odd spin structures (which we sometimes call “CP-even” contributions)?
Note that the structure of these is such that they are automatically even in powers of H under the replacement
Ω −→ Ω±. Moreover, as we shall show in the even-even sector, this replacement is sufficient and captures the
full string theoretic result. The odd-odd structure is more subtle, and a combination of worldsheet calculation
with different duality arguments is needed in order to (at least partially) fix it.
Putting our findings together, one may conjecture how the two N = 1 superinvariants will be completed
with the B-field as well:
J0(Ω) =
(
t8t8 +
1
8ǫ10ǫ10
)
R4 −→ (t8t8 + 18ǫ10ǫ10)R4(Ω+) + 13ǫ10ǫ10H2R3(Ω+) + ...
= J0(Ω+) + ∆J0(Ω+, H)
J1(Ω) = t8t8R
4 − 14ǫ10t8BR4 −→ t8t8R4(Ω+)− 18ǫ10t8B
(
R4(Ω+) +R(Ω−)
)
= J1(Ω+). (1.6)
3
No B With B
e-o 18 (t8ǫ10 + ǫ10t8)BR
4 1
8 (t8ǫ10 + ǫ10t8)BR
4(Ω+)
+ = B ∧X8(ΩLC) = 18 t8ǫ10B(R4(Ω+) +R4(Ω−))
o-e = 1192(2π)4B ∧
(
trR4 − 14 (trR2)2
)
= 12B ∧ [X8(Ω+) +X8(Ω−)]
= 1192·(2π)4B ∧
(
trR4 − 14 (trR2)2 + exact terms
)
e-e t8t8R
4 t8t8R
4(Ω+) = t8t8R
4(Ω−)
o-o 18ǫ10ǫ10R
4 1
8 ǫ10ǫ10
(
R(Ω+)
4 + 83H
2R(Ω+)
3 + · · ·)
= 18ǫ10ǫ10
(
R(Ω−)
4 + 83H
2R(Ω−)
3 + · · ·)
Table 1: The modification of the R4 terms upon inclusion of the B-field. We have defined Ω± = Ω± 12H. The
precise form of the terms appearing in the odd-odd spin structure is explained in Section 2.3 and Section 5.
Note that J0(Ω+) + ∆J0(Ω+, H) appears at tree level both in IIA and IIB and at one loop in IIB, while
J0(Ω+)−2J1(Ω+)+∆J0(Ω+, H) appears at one loop in IIA. The detailed structure of ∆J0(Ω+, H) is explained
in the body of the paper (notably in Section 2.3 and Section 5) and is only partially fixed by our computations.
A summary of our results in ten dimensions is given in Table 1.
T-duality provides one of the motivations for studying the inclusion of the B-field in R4 couplings, and
at the same time provides a very stringent test of the proposed modifications. In Section 3 we concentrate
on showing that the more topological part of the α′3 couplings, namely B2 ∧ [X8(R+) +X8(R−)], transforms
correctly under T-duality. A brief discussion about T-duality in the CP-even sector is discussed in Appendix B.
As already mentioned above, lower dimensional R2 terms descend from the ten-dimensional R4 couplings.
In particular, the K3 reduction of IIA theory yields a six-dimensional theory with 16 supercharges in six
dimensions dual to heterotic strings compactified on T4. Here a combination of string four-point function
computation (which is a moral equivalent of a six-point computation in ten dimensions) together with the
duality considerations allow us to fix the six-dimensional one-loop four-derivative correction completely. The
result is:
e−1Ld=6IIA = e−2ϕ[R+ 4∂ϕ2 − 112H2µνρ]
+ 116α
′[t4t4R(Ω+)
2 − 18ǫ6ǫ6R(Ω+)2 − 16ǫ6ǫ6H2R(Ω+)− 172 ǫ6ǫ6H4]
+ 164α
′ǫαβµνρσBαβ [Rµν
ab(Ω+)Rρσ
ab(Ω+) +Rµν
ab(Ω−)Rρσ
ab(Ω−)], (1.7)
where ϕ is the IIA dilaton, and where the CP-even expressions are defined below in (4.29), (4.12), (4.31), (4.36)
and (4.37).
As one would expect from heterotic/type II duality, two different formulations of (1, 1) theory exist in six
dimensions. One, the “heterotic” (1, 1), has no Green-Schwarz type couplings, but has a non-trivial Bianchi
identity for the NSNS 3-form H . The “type II” (1, 1) theory, on the contrary, has a GS-type coupling and a
closed 3-form H . This has been worked out (without the additional higher derivative gravitational couplings)
by Romans in [21]. The two theories are related via strong-weak coupling duality, and the equations of motion
of one map to the Bianchi identities of the other. What turns out to be important in our context is that the
structure of the fermonic operators is very different in the two versions of the (1, 1) theory. The “heterotic”
(1, 1) has a single Dirac operator, where the torsional connection Ω− appears. The Bianchi identity for the H
field and the α′R2 expressions are written in terms of a torsional connection with opposite sign on the torsion
Ω+. The “type II” (1, 1) has two different Dirac operators, and both Ω+ and Ω− appear there. The averaging
of H in the twisted B ∧ trR2 coupling can be seen as the consequence of this.
Thinking of (1.7) as the reduction of ten-dimensional type IIA action on K3 is instructive and provides
additional information about the five and six-point function results in ten dimensions. The lift of (1.7) to ten
dimensions confirms our claim that for all terms of order α′3, except the odd-odd spin structure sector, the
replacement R→ R(Ω+) is sufficient. It also fully agrees with the H2R3 and (∇H)2R2 terms. Finally, the lift
allows us to identify six candidates for the ten-dimensional H4R2 terms. This ambiguity can be resolved by
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explicit six-point function computation. Note that H6R and H8 terms do not affect lower-dimensional theories
obtained via compactifications (without flux) on Ricci-flat manifolds. Finally, one may contemplate the lift
of O(α′3) couplings to M theory. Note that the tree-level coupling gets suppressed in the eleven-dimensional
limit, while the lift of the one-loop couplings involving the curvatures and H should produce a complete set
of couplings at eight derivatives involving the curvature the eleven-dimensional four-form Gˆ. Unfortunately,
once more the lift involves some ambiguities. Note that the reduction on a nontrivial graviphoton background
with a generic Gˆ, while reproducing the NSNS sector, yields a IIA one-loop effective action with up to eight
derivatives and with all the RR fields.
The structure of the paper is as follows. In Section 2 we looks at the five-point string amplitude calculation
and see the emergence of the structure outlined in Table 1. Section 3 (as well as Appendix B) is devoted to
T-duality tests of the proposed modifications of the R4 couplings. In Section 4 we use heterotic/type II duality
to fix completely the structure of α′ terms at the one-loop four-derivative level. In particular, we observe that
the heterotic/type II duality map does not receive corrections at O(α′). In Section 5, we use this result to
determine, up to slight ambiguity, the structure of α′3H4R2 terms in ten dimensions, that would otherwise
require a six-point amplitude computation. Finally, in Section 6, we discuss the lifting of the modified R4
couplings to eleven dimensions which leads to incorporation of the four-form Gˆ. We provide a summary of our
key notation in Appendix A.
2 String amplitude calculations
We begin with a review of the Type II string effective action up to the R4 terms. We work in the covariant world-
sheet formalism, and restrict our attention to external NSNS states, namely the metric, antisymmetric tensor
and dilaton. As demonstrated by KLT [22], closed string amplitudes may be rewritten in terms of products of
left- and right-moving open string amplitudes. Thus the basic components of the string computations are the
chiral vertex operators
V (−1)(k, ζ) = ζµδ(γ)ψ
µeik·X ,
V (0)(k, ζ) = ζµ(i∂X
µ + 12α
′k · ψψµ)eik·X , (2.1)
given in the −1 and 0 pictures, respectively. Closed string vertex operators may be built as a combination of
left- and right-moving components, and in particular the closed string polarization may be taken as a tensor
product
θµν = ζµ ⊗ ζ¯ν . (2.2)
Furthermore, the various NSNS fields are be encoded as
θµν = hµν + bµν + 12 (η
µν − k¯µkν − kµk¯ν)φ. (2.3)
Here g˜µν = ηµν + hµν , where hµν is taken to be transverse and traceless (k
µhµν = 0, and h
µ
µ = 0). The
antisymmetric tensor is given by bµν with H = db and k
µbµν = 0. Finally, φ is the conventionally normalized
dilaton. Note that k¯ is defined according to k¯2 = 0 and k · k¯ = 1, so that the transversality condition kµθµν = 0
is enforced for the dilaton.
Before proceeding, it is worth noting that when discussing effective string actions, the issue of string frame
versus Einstein frame invariably arises. The string frame is perhaps the most natural, since in this frame the
dilaton explicitly counts string loops. However, the choice of polarizations encoded in (2.3) actually leads to
Einstein-frame scattering amplitudes. The reason for this is that the trace-free metric fluctuation hµν is strictly
orthogonal to the dilaton fluctuation. This ensures that there is no h−φ propagator mixing, as would happen
in the string frame. As a matter of notation, g˜µν will denote the Einstein-frame metric, while gµν will denote
the string-frame metric. These are simply related by the standard Weyl scaling
g˜µν = e
−φ/2gµν . (2.4)
Our notation is thus to use tildes in the Einstein frame and none in the string frame. We find this more
convenient, as we will mainly emphasize string-frame expressions.
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2.1 The three-point function
We first review the familiar result for the tree-level three point function. For each massless open string vector,
we associate its polarization index with µi and its momentum with ki. The open superstring three-point
function then reproduces the trilinear gluon coupling
A(1, 2, 3) = ηµ1µ2kµ312 + ηµ2µ3kµ123 + ηµ3µ1kµ231 , (2.5)
where we have ignored overall coupling and normalization factors. The KLT relation for the three-point function
is trivial, and the closed superstring amplitude is
M(1, 2, 3) = A¯(1, 2, 3)A(1, 2, 3). (2.6)
This can be explicitly written as
M(1, 2, 3) = 4θµ1ν11 kµ31 kν31 θµ1ν12 θµ3ν33 − 4θµ1ν11 θµ1ν22 kµ32 kν12 θµ3ν23 − 4θµ1ν11 kµ31 kν21 θµ1ν22 θµ3ν13 + cyclic, (2.7)
and is identical for both the IIA and IIB string.
Expanding the amplitude, we find non-vanishing contributions for
h−h−h, b−b−h, b−b−φ, φ−φ−h. (2.8)
These three-point functions may be obtained from the Einstein-frame action
L =
√
−g˜[R˜− 12∂φ2 − 112e−φH2], (2.9)
which is a long-familiar result. Using (2.4) to transform to the string frame, we find that the curvature scalar
becomes
R˜ = eφ/2[R+ 12 (d− 1)φ− 116 (d− 1)(d− 2)∂φ2]. (2.10)
Inserting this into (2.9), setting d = 10 and integrating φ by parts then gives the standard string frame NSNS
action
L = e−2φ√−g[R+ 4∂φ2 − 112H2]. (2.11)
2.2 The tree-level four-point function
The tree-level four-point function was investigated in [2, 23], and at the eight-derivative level gives rise to
the well-known α′3R4 correction in the effective action. At the linearized level, it is easy to see that string
amplitude is kinematically built out of the gauge invariant combination
¯˜R
µ1µ2
ν1ν2 = 4θ
[µ1
[ν1k
µ2]kν2], (2.12)
where µ1µ2 are associated with the left-movers, while ν1ν2 are associated with the right-movers. Since the
polarization θµν encodes all NSNS fields,
¯˜R
µ1µ2
ν1ν2 generalizes the ordinary Riemann tensor. Making use of
(2.3), we find the linearized expression
¯˜Rµ1µ2
ν1ν2 = Rµ1µ2
ν1ν2 + e−φ/2∇[µ1Hµ2]ν1ν2 − δ[µ1 [ν1∇µ2]∇ν2]φ, (2.13)
which is suggestive of a connection with torsion. Note that, strictly speaking, the e−φ/2 factor in front of ∇H
as absent at the linearized level. However, it must be present at the nonlinear order to ensure that H has the
proper weight. Furthermore, while the ∇H term appears to differentiate between left- and right-movers, this
distinction is artificial, as closure of H ensures that
¯˜Rµ1µ2ν1ν2(H) =
¯˜Rν1ν2µ1µ2(−H), (2.14)
which is a manifestation of worldsheet parity.
The linearized curvature tensor with torsion, (2.13), takes a particularly simple form when Weyl scaled to
the string frame
R¯µ1µ2
ν1ν2 = Rµ1µ2
ν1ν2 +∇[µ1Hµ2]ν1ν2 . (2.15)
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In particular, the term linear in the dilaton drops out. In the string frame, the resulting tree-level R4 addition
to the effective action takes the form
Lα′3tree = e−2φ
√
−g˜
[
ζ(3)
3 · 211α
′3(t8t8R¯
4 + 18ǫ10ǫ10R¯
4)
]
. (2.16)
We have included the ǫ10ǫ10R
4 term, even though strictly speaking it does not arise at the level of the four-
point function. It is, however, implied in the Green-Schwarz formalism, and moreover appears in the σ-model
calculations [7, 8]. At tree level, this correction is common to both the IIA and IIB superstring.
2.3 The one-loop α′3R4 corrections
In the RNS formalism for the Type II string, the one-loop string amplitude involves a sum over spin structures
for both left- and right-moving sectors. The even-even and odd-odd spin structures contribute to the CP-even
sector, while the even-odd and odd-even spin structures contribute to the CP-odd sector. Because of maximal
supersymmetry, the loop correction starts at the level of the four-point function. However, the odd spin
structure will not contribute until the five-point function, because of the necessity of soaking up ten fermion
zero modes.
Before discussing the closed string corrections, we make a few observations for the open string. For a one-
loop open string amplitude in the even spin structure sector, all vertex operators are taken in the 0 picture. In
particular, the four-point function involves the contraction〈
4∑
i=1
V (0)(ki, ζ(i))
〉
= ζ(1)µ1 · · · ζ(4)µ4
∑
a
〈
4∏
i=1
(i∂Xµi + 12α
′ki · ψψµi)eiki·X
〉
a
, (2.17)
where the sum is over the three even spin structures. Breaking up the vertex operators into individual world-
sheet bosons and fermions, we see that the amplitude is a sum of terms involving contractions between an even
number of worldsheet fermions. The terms with fewer than four worldsheet fermions vanish when summed over
spin structures. (This is closely related to spacetime supersymmetry.) Hence the kinematic structure of this
amplitude starts with a minimum of two momentum factors. The actual details are somewhat obscure in the
covariant approach, but can be more easily seen in the Green-Schwarz formulation. The resulting kinematical
factor is simply
Aeven ∼ tµ1···µ88 (k1µ1ζ(1)µ2 ) · · · (k4µ7ζ(4)µ8 ), (2.18)
and is identical to the tree-level case.
Turning to the odd spin structure sector, for the one-loop amplitude, we include one picture changing
operator δ(β)ψ · ∂X , take one vertex operator in the −1 picture, and put the remaining vertex operators in
the 0 picture. The five-point function then involves the contraction〈
V (−1)(k1, ζ(1))
5∑
i=2
V (0)(ki, ζ(i))
〉
= ζ(1)µ1 · · · ζ(5)µ5
〈
ψ · ∂X(0)ψµ1
5∏
i=2
(i∂Xµi + 12α
′ki · ψψµi)
5∏
i=1
eiki·X
〉
odd
.
(2.19)
However, since we need to soak up ten fermion zero modes in order to get a non-vanishing amplitude, we see
that each vertex operator in the 0 picture must contribute two worldsheet fermions, so that
Aodd ∼ ǫαµ0µ1···µ8 ζ(1)µ0 (k2µ1ζ(2)µ2 ) · · · (k5µ7ζ(5)µ8 )
〈
∂Xα(0)
5∑
i=1
eiki·X
〉
. (2.20)
(Note that the bosonic contractions vanish in the zero momentum limit.) Since we have placed the first vertex
operator in the −1 picture, this amplitude seems to single out the first particle for special treatment. However,
by using momentum conservation, it is easy to see that this amplitude is fully bose symmetric under interchange
of any of the five particles.
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2.3.1 The even-even amplitude
We now return to the closed string, where the amplitudes are built out of a combination of left and right
movers. In the CP-even sector, the even-even four-point function is a combination of (2.18) on the left and on
the right. Taking (2.12) into account directly gives t8t8R¯
4 with a one-loop coefficient arising from performing
the modular integrals [9].1 Transforming to the string frame, and writing (2.15) schematically as R¯ = R+∇H ,
we see that this term has an expansion of the form
t8t8R¯
4 = t8t8[R
4 + 6(∇H)2R2 + (∇H)4]. (2.21)
In particular, terms odd in H vanish by worldsheet parity.
2.3.2 The odd-odd amplitude
The odd-odd contribution is somewhat more unusual, and first arises at the level of the five-point function.
Although the amplitude is insensitive to this choice, we single out the first vertex operator to be in the (−1,−1)
picture. In this case, we find
A ∼ ǫαµ0µ1···µ8ǫβν0ν1···ν8θ(1)µ0ν0(k2µ1k2ν1θ(2)µ2ν2) · · · (k5µ7k5ν7θ(5)µ8ν8)
〈
∂Xα(0)∂¯Xβ(0)
5∑
i=1
eiki·X
〉
. (2.22)
At the eight-derivative level, we only take the boson zero mode contraction
〈∂Xα∂Xβ〉 = − α
′
8πτ2
ηαβ , (2.23)
so that
A ∼ ǫαµ0µ1···µ8ǫαν0ν1···ν8θ(1)µ0ν0(k2µ1k2ν1θ(2)µ2ν2) · · · (k5µ7k5ν7θ(5)µ8ν8). (2.24)
Focusing on gravitons and antisymmetric tensors only (since the dilaton is unimportant in the string frame),
we see that the amplitude contributes to five graviton scattering, two B and three graviton scattering, and
four B and one graviton scattering. We now look at these three possibilities in turn.
For five gravitons, although the amplitude is bose symmetric, it is convenient to think a particular permu-
tation where the first graviton is singled out. Using the identity
ǫαµ0µ1···µ8ǫα
ν0ν1···ν8 = 12η
µ0ν0ǫαβµ1···µ8ǫαβ
ν1···ν8 − 4ǫαβµ1···µ8ηµ0[ν1ǫαβ |ν0|ν2···ν8], (2.25)
along with tracelessness of the on-shell graviton, θ
(1)
µ0ν0 = h
(1)
µ0ν0 , we see that the odd-odd amplitude has the
form
Ah5 ∼ ǫαβµ1···µ8ǫαβν1···ν8 [(h(1) λν1 R(2)µ1µ2λν2)R(3)µ3µ4ν3ν4R(4)µ5µ6ν5ν6R(5)µ7µ8ν7ν8 + 3 more]. (2.26)
Here R
(i)
µ1µ2ν1ν2 represents the linearized Riemann tensor given by substituting θ
(i)
µν = h
(i)
µν into (2.12). It is now
clear that the odd-odd five-graviton amplitude is an expansion of ǫ8ǫ8R
4, which may be written covariantly as
−(1/2)ǫ10ǫ10R4.
The amplitude for two antisymmetric tensor and three graviton scattering was computed in [15] (and in the
Green-Schwarz formulation in [17]) by assigning θ
(1)
µ0ν0 = b
(1)
µ0ν0 and θ
(2)
µ2ν2 = b
(2)
µ2ν2 . In this case, we may rewrite
(2.24) using momentum conservation as
Ab2h3 ∼ −ǫαµ0µ1···µ8ǫαν0ν1···ν8(k1µ1b(1)µ2ν0)(k2ν1b(2)ν2µ0)(k3µ3k3ν3θ(3)µ4ν4) · · · (k5µ7k5ν7θ(5)µ8ν8). (2.27)
The graviton expressions recreate linearized Riemann tensors, while (k1µ1b
(1)
µ2ν0) and (k
2
ν1b
(2)
ν2µ0) recreate the
antisymmetric tensor field strength H = dB. The resulting amplitude is of the form [15]
Ab2h3 ∼ −ǫαµ0µ1···µ8ǫαν0ν1···ν8(Hµ1µ2ν0Hν1ν2µ0 − 19Hµ1µ2µ0Hν1ν2ν0)Rµ3µ4ν3ν4Rµ5µ6ν5ν6Rµ7µ8ν7ν8 . (2.28)
1The linearized connection with torsion R¯ also appears in the heterotic one-loop computation [24–26].
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The two H2 combinations, along with the relative factor of −1/9 arise in relating the full antisymmetrized
Hµ1µ2ν0 → k[µ1bµ2ν0] to the kinematics of the string amplitude (2.27), where only µ1µ2 are antisymmetrized.
However, these two kinematical combinations are in fact related by first rewriting ǫǫ in terms of a fully anti-
symmetrized δ-function, and then making use of the symmetry properties of the Riemann tensor. With the
assistance of the computer algebra system Cadabra [27, 28], we find
ǫαµ0µ1···µ8ǫ
αν0ν1···ν8Hµ1µ2µ0Hν1ν2ν0R
µ3µ4
ν3ν4R
µ5µ6
ν5ν6R
µ7µ8
ν7ν8
= 3ǫαµ0µ1···µ8ǫ
αν0ν1···ν8Hµ1µ2ν0Hν1ν2
µ0Rµ3µ4ν3ν4R
µ5µ6
ν5ν6R
µ7µ8
ν7ν8 , (2.29)
in which case the b2h3 amplitude may be written as
Ab2h3 ∼ − 23ǫαµ0µ1···µ8ǫαν0ν1···ν8Hµ1µ2ν0Hν1ν2µ0Rµ3µ4ν3ν4Rµ5µ6ν5ν6Rµ7µ8ν7ν8 . (2.30)
The amplitude with four antisymmetric tensors and one graviton is similar, except two of the three Riemann
tensors will be replaced by ∇H
Ab4h ∼ −ǫαµ0µ1···µ8ǫαν0ν1···ν8(Hµ1µ2ν0Hν1ν2µ0 − 19Hµ1µ2µ0Hν1ν2ν0)∇µ3Hµ4ν3ν4∇µ5Hµ6ν5ν6Rµ7µ8ν7ν8 .
(2.31)
Note that this substitution of R → ∇H essentially incorporates the linearized connection with torsion R¯ =
R + ∇H , although the combinatorial factors do not correspond to this direct substitution. While it may be
possible to simplify this expression, as we did for the b2h3 amplitude, we have unfortunately been unable to
generalize the identity (2.29) where two Riemann tensors have been replaced by ∇H .
Combining (2.26), (2.30) and (2.31) gives us an effective Lagrangian for the odd-odd sector
e−1Lodd-odd ∼ − 18 ǫαβµ1···µ8ǫαβν1···ν8Rµ1µ2ν1ν2Rµ3µ4ν3ν4Rµ5µ6ν5ν6Rµ7µ8ν7ν8
− 112 ǫαµ0µ1···µ8ǫαν0ν1···ν8Hµ1µ2ν0Hν1ν2µ0Rµ3µ4ν3ν4Rµ5µ6ν5ν6Rµ7µ8ν7ν8 ,
− 116 ǫαµ0µ1···µ8ǫαν0ν1···ν8(Hµ1µ2ν0Hν1ν2µ0 − 19Hµ1µ2µ0Hν1ν2ν0)
×∇µ3Hµ4ν3ν4∇µ5Hµ6ν5ν6Rµ7µ8ν7ν8 , (2.32)
which reproduces all odd-odd five-point functions in the NSNS sector. Note that the sign of this contribution is
opposite for the IIA and IIB string because of the opposite GSO projections. Following [23], we may expect this
combination to simplify when written in terms of R¯. However, it is not obvious that the linearized curvature
(2.15) is the best object to use, since the first line of (2.32) is sensitive to the nonlinear part of the Riemann
tensor when computing the five-point function.
Of course, the natural non-linear completion of R¯ is to introduce the full connection with torsion Ω+ =
Ω + 12H, which reads in components
Ω+µ
αβ = Ωµ
αβ + 12Hµ
αβ . (2.33)
The curvature computed out of Ω+ is then
R(Ω+) = R+
1
2dH+ 14H ∧H, Hαβ = Hµαβdxµ, (2.34)
or in components
R(Ω+)µν
αβ = Rµν
αβ +∇[µHν]αβ + 12H[µαγHν]γβ . (2.35)
Replacing R by R(Ω+) in (2.32), and working only to the level of the five-point function, we find
e−1Lodd-odd ∼ − 18ǫαβµ1···µ8ǫαβν1···ν8Rµ1µ2ν1ν2(Ω+)Rµ3µ4ν3ν4(Ω+)Rµ5µ6ν5ν6(Ω+)Rµ7µ8ν7ν8(Ω+)
− 13ǫαµ0µ1···µ8ǫαν0ν1···ν8Hµ1µ2ν0Hν1ν2µ0Rµ3µ4ν3ν4(Ω+)Rµ5µ6ν5ν6(Ω+)Rµ7µ8ν7ν8(Ω+)
+ 116ǫαµ0µ1···µ8ǫ
αν0ν1···ν8(9Hµ1µ2ν0Hν1ν2
µ0 + 19H
µ1µ2µ0Hν1ν2ν0)
×∇µ3Hµ4ν3ν4∇µ5Hµ6ν5ν6Rµ7µ8ν7ν8(Ω+). (2.36)
We have had to use (2.25) as well as on-shell integration by parts in order to obtain this expression. Note
that the five-point function does not distinguish between the use of R¯ and R(Ω+) in the mixed terms with H .
However, we expect that R(Ω+) is in fact the correct quantity for extending beyond the five-point function.
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2.3.3 The odd-even and even-odd amplitudes
We now turn to the CP-odd sector which is responsible for the B ∧X8 term. In the RNS formalism, this term
arises from a combination of odd-even and even-odd spin structure contributions. Because of the presence of
the odd spin structure, this amplitude starts at the five-point level, and will involve a single epsilon tensor.
Since worldsheet parity relates the odd-even and even-odd contributions, we only need to consider, say, the
odd-even sector explicitly. In this case, the one-loop amplitude involves one vertex operator in the (−1, 0)
picture and the remaining four in the (0, 0) picture. In anticipation of the B∧X8 structure, we take the (−1, 0)
picture vertex to encode the antisymmetric tensor bµν and give the remaining four vertex operators general
polarizations θ
(i)
µν .
After soaking up ten fermion zero modes in the odd spin structure sector and using a boson zero mode
contraction to remove ∂Xα(0) in (2.20), we find that the five-point amplitude reduces to the chiral contraction
Aodd-even ∼ b(1)αβǫαβµ1···µ8(k1µ1θ(1)µ2λ1) · · · (k4µ7θ
(4)
µ8λ4
)
∑
a
〈
4∏
i=1
(i∂Xλi + 12α
′ki · ψ¯ψ¯λi)eiki·X
〉
a
. (2.37)
Of course, the worldsheet integrals must still be performed. In fact, this amplitude essentially computes the
elliptic genus [10, 29–31], and hence we end up with the odd-even contribution
Aodd-even ∼ t8µ1···µ8B2 ∧ R¯µ1µ22 ∧ · · · ∧ R¯µ7µ82 = 24B2 ∧ (tr R¯4 − 14 (tr R¯2)2). (2.38)
The full CP-odd amplitude is a sum of odd-even and even-odd spin structures. These contributions are
identical except that worldsheet parity flips the sign of Bµν . As a result, combining the spin structures picks
out terms odd in Bµν for the IIA string and even in Bµν for the IIB string. This can be seen explicitly by
writing the CP-odd amplitude schematically as
ACP-odd ∼ (t8ǫ10 ± ǫ10t8)BR¯(H)4. (2.39)
The sign choice is a consequence of the GSO projection, and the positive sign is taken for the IIA string while
the negative sign is taken for the IIB string. We now flip the order of ǫ10t8 in the second term so that it
matches the first. Making use of (2.14) then gives
ACP-odd ∼ t8B ∧ (R¯(H)4 ± R¯(−H)4), (2.40)
where ǫ10 has been made implicit in the wedge product.
2.3.4 The one-loop effective Lagrangian
We may combine the contributions from the various spin structure sectors to arrive at the one-loop effective
Lagrangian (in the string frame)
Lα′3loop =
√−g
[
(2π)2
32 · 213α
′3
(
t8t8R¯
4 ∓ 18ǫ10ǫ10
(
R(Ω+)
4 + 83H
2R(Ω+)
3 − 12H2(∇H)2R(Ω+)
))]
− (2π)
2
3 · 26 α
′3B2 ∧
[
tr R¯4 − 14 (tr R¯2)2
]
even(odd) inB2 for IIA(IIB)
. (2.41)
The odd-odd contribution is written schematically here; the explicit form is given in (2.36). Note that the
CP-odd contribution is often given in terms of the eight-form
X8(R) =
1
(2π)43 · 26
(
trR4 − 1
4
(trR2)2
)
. (2.42)
Using X8, the one-loop CP-odd contribution may equivalently be written as
LCP-odd = −(2π)6α′3B2 ∧ 12 [X8(R¯(H))±X8(R¯(−H))], (2.43)
where the top sign is for the IIA string. In particular, this ‘averages’ or ‘anti-averages’ in B2 for the IIA and
IIB string, respectively.
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It is important to understand that the effective Lagrangian (2.41) is only designed to reproduce the eight-
derivative one-loop four-point function in the even-even sector and the five-point function in the remaining
sectors. To the lowest order in B (none in the CP-even sector and linear in the CP-odd sector), this reduces
to the familiar
Lα′3loop
∣∣∣
lowest in B
=
√−g
[
(2π)2
32 · 213α
′3(t8t8R
4 ∓ 18ǫ10ǫ10R4)
]
− (2π)6α′3B2 ∧X8(R)
∣∣∣
IIA only
. (2.44)
Because of general covariance, this eight-derivative purely gravitational contribution is essentially complete.
(Although terms proportional to the Ricci tensor are undetermined at this order, they are unimportant as
they may be absorbed by field redefinition.) However, if we are interested in the full eight-derivative action
including the B-field, then terms up to O(H8) may appear, and these will require the calculation of an eight-
point function to pin down.
Although in principle there is no obstruction to the computation of the one-loop eight-point function, in
practice it is beyond our technical means. However, we conjecture that the full eight-derivative action at the
non-linear level involves the replacement of the linearized curvature R¯ by the complete curvature with torsion
R(Ω+) given in (2.34). We thus postulate that (2.41) should be extended to
Lα′3loop =
√−g
[
(2π)2
32 · 213α
′3
(
t8t8R(Ω+)
4 ∓ 18 ǫ10ǫ10
(
R(Ω+)
4 + 83H
2R(Ω+)
3 − 12H2(∇H)2R(Ω+) + · · ·
))]
−(2π)6α′3B2 ∧ 12 [X8(R(Ω+))±X8(R(Ω−))]. (2.45)
The even-even spin structure term t8t8R(Ω+)
4 agrees with five-point function computation of [16,17].2 However,
there appears to be a disagreement in the odd-odd spin structure sector, as [17] only found the ǫ10ǫ10R(Ω+)
4
combination, and not the remaining odd-odd terms. We will present evidence below that these additional terms
are in fact present in the odd-odd sector. In particular, the six-dimensional completion of ǫ6ǫ6R
2 will include
terms of the form ǫ6ǫ6H
2R and ǫ6ǫ6H
4. The former lifts to ǫ10ǫ10H
2R3, while the latter lifts to ǫ10ǫ10H
4R2,
which cannot be seen below the level of the six-point function. The lift of the six-dimensional Lagrangian also
strongly suggests that the remaining sectors, namely the even-even part of the CP-even sector and the entire
CP-odd sector, are completed by the simple replacement R→ R(Ω+), as indicated in (2.45).
2.4 The vanishing of CP-odd couplings in IIB
Before turning to the T-duality and six-dimensional heterotic/IIA tests of (2.45), we first comment on the
CP-odd contribution in the IIB case. In particular, while the B ∧X8 term plays an important role in the IIA
string and its lift to eleven-dimensions, it is known to be absent in the IIB string. Of course, the sign choice
in the CP-odd term in (2.45) is designed to project X8 onto terms even in B for the IIA string, and odd in
B for the IIB string. As a result, this is consistent with the absence of B2 ∧X8(R) in the IIB case. However,
terms of the form B2 ∧R3 ∧∇H and B2 ∧R ∧ (∇H)3 appear to survive. It would be puzzling to expect that
the IIB string has such unusual CP-odd interactions. Thus we anticipate that these unwanted terms in fact
vanish on-shell, and hence do not contribute to the IIB effective action.
Although we have been unable to prove the vanishing of the full ten-dimensional CP-odd coupling in IIB,
as a first step we may show that the corresponding term in six dimensions vanishes at the linearized level. The
six-dimensional CP-odd term that we are interested in takes the form
I = B ∧ tr [R(Ω+) ∧R(Ω+)]odd inB2 = B ∧ tr
[
dH ∧ (R + 14H2)
]
. (2.46)
At the linearized level, we take
I = B ∧ tr (dH ∧R) = −H ∧ tr (H ∧R), (2.47)
where we have integrated by parts. In components, this takes the form
I = ǫµ1···µ6Hµ1µ2µ3Hµ4ν1ν2Rµ5µ6ν1ν2 , (2.48)
2Although the loop computation of [16, 17] was performed in the Green-Schwarz formalism, there is nevertheless an obvious
split between the t8t8 and ǫ8ǫ8 contributions.
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which matches the expression obtained in [32] from the scattering of two antisymmetric tensors and one
graviton.
We now demonstrate that this vanishes at the level of the three point amplitude. To see this, we rewrite I
as
I = ǫµ1···µ6δαβHµ1µ2µ3Hµ4ν1αRµ5µ6ν1β , (2.49)
and make the substitution
δαβ = −
1
5!
ǫβσ1···σ5ǫ
ασ1···σ5 . (2.50)
We may rearrange the ǫ-tensors to obtain
I = − 1
5!
ǫµ1···µ6ǫβσ1···σ5ǫ
ασ1···σ5Hµ1µ2µ3Hµ4ν1αRµ5µ6
ν1β
=
1
5!
δµ1···µ6βσ1···σ5ǫ
ασ1···σ5Hµ1µ2µ3Hµ4ν1αRµ5µ6
ν1β
= ǫασ1···σ5(3Hβσ1σ2Hσ3ν1αRσ4σ5
ν1β −Hσ1σ2σ3Hβν1αRσ4σ5ν1β + 2Hσ1σ2σ3Hσ4ν1αRβσ5ν1β).
(2.51)
The first term vanishes because the H2 expression is symmetric under ν1 ↔ β, while the Riemann tensor is
antisymmetric under this exchange. A simple relabeling of indices now gives
I = ǫµ1···µ6(−Hµ1µ2µ3Hµ4ν1ν2Rµ5µ6ν1ν2 + 2Hµ1µ2µ3Hµ4µ5ν1Rν1µ6). (2.52)
Comparing with (2.48), we see that
I = −I + 2ǫµ1···µ6Hµ1µ2µ3Hµ4µ5ν1Rν1µ6 , (2.53)
or
I = ǫµ1···µ6Hµ1µ2µ3Hµ4µ5ν1Rν1µ6 . (2.54)
This vanishes identically at the level of the b2h three-point function, since the Ricci tensor vanishes on-shell
for a single external graviton.
Ideally, we would like to demonstrate that the full six-dimensional CP-odd term (2.46) vanishes on-shell at
the non-linear level, and that the same holds for the ten-dimensional IIB term
B2 ∧ 12 [X8(R(Ω+))−X8(R(Ω−))]. (2.55)
Unfortunately, the ten-dimensional expressions are quite cumbersome to manipulate, and we have been unable
to prove that this contribution vanishes on-shell. Nevertheless, we have seen that it indeed vanishes at the level
of the b2h3 five-point function for a few sample cases we have looked at. This vanishing depends crucially on
the relative factor of −1/4 in the expression (2.42) for X8, which suggests that any proof will have to emphasize
the structure of the t8 tensor.
3 Testing the couplings: T-duality
T-duality provides a very stringent test of the proposed couplings. Indeed it is quite unlikely that higher
derivative terms made solely out of curvatures will have correct T-duality properties; fixing this problem is one
of the consequences of inclusion of the B-field. In this section we shall concentrate on showing that the more
topological part of the α′3 couplings, namely B2 ∧ [X8(R+) +X8(R−)], transforms correctly under T-duality.
The rest will be discussed in Appendix B.
For our purposes it should be sufficient to consider U(1) fibered backgrounds: U(1) →֒M π−→MB. There
exists onM a globally defined smooth one-form e = e9 such that its curvature is a horizontal two-form de = π∗T
and T ∈ H2(MB,Z). For deriving local formulae when considering a circle reduction, we shall simply take a
ten-dimensional metric of the form
ds2 = ηαβe
αeβ + (dψ +A)2. (3.1)
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Let
e9 = dψ +A, de9 = dA = T, (3.2)
where T denotes the field strength of the circle U(1). For simplicity we take the U(1) radius to be constant
and hence do not consider the scalar mode in the reduction (although we shall discuss it later on).
Let us denote the isometry generator k and assume that the three-form H respects the isometry, i.e.
LkH = 0. Note that, due to closure of H , we automatically have a closed two-form (with integral periods),
T˜ = ıkH . Just like the curvature of the circle bundle T , this form is in the second cohomology of the base
manifold MB, namely T˜ ∈ H2(MB,Z). T-duality exchanges these two forms T and T˜ (and the corresponding
topological numbers, c1 and
∫
T˜ respectively).
It will be expedient to write the local expressions for the antisymmetric tensor as well (we are tacitly
assuming LkB = 0):
B2 = b2 + b1 ∧ e9, H3 = dB2 = db2 − b1 ∧ T + T˜ ∧ e9, (3.3)
where T˜ = db1 is the winding U(1). (With some assumption on the B-field, the generalisation to an arbitrary
T
n bundle, i.e. n isometry vectors, is straightforward.). Now write
H3 = h3 + T˜ ∧ e9, (3.4)
where h3 = db2 − b1 ∧ T , so that dh3 = −T˜ ∧ T . Before going on, let us note that the two-form b2 in the
expansion (3.3) is not invariant under T-duality. Instead, b2 −→ b2+ b1∧A. One can check that the horizontal
three-form h3 in (3.4) is T-duality invariant. This will prove to be of crucial importance.
With these preliminaries out of the way, recall that what we wish to show is that the CP-odd term in (2.45)
transforms correctly under T-duality. But first we need to work out some useful expressions for the curvatures
on U(1) fibered manifolds. In Sections 3.2 and 3.3 we shall study the four-form and eight-form polynomials
in curvature that appear in six- and ten-dimensional effective actions respectively. We shall then be ready
to address the T-duality of the even-odd and odd-even IIA one-loop amplitude contributions in Section 3.4.
The CP-even parts of the one-loop effective action (or to be more precise the equivalent terms in the simpler
six-dimensional case) are discussed Appendix B.
3.1 Curvatures: The circle reduction
We start by reducing the curvature R(Ω+) where the connection with torsion is Ω+ = Ω +
1
2H with Hab =
Hc
abec. (Note that we can obtain Ω− by taking H → −H .) The reduction of Ω+ is straightforward
Ωαβ+ = ω
αβ
+ − 12Tαβ− e9,
Ωα9+ = − 12Tα+γeγ , (3.5)
where we have defined
T± = T ± T˜ , (3.6)
and where ω+ = ω +
1
2h.
We now compute the curvature according to R(Ω+) = dΩ+ +Ω+ ∧ Ω+. The result is
Rαβ(Ω+) = R
αβ(ω+)− 14Tα+γT β+δeγeδ − 12Tαβ− T
− 12 (∇γTαβ− + 12hγαδT−δβ − 12Tαδ− hγδβ)eγ ∧ e9,
Rα9(Ω+) = − 12 (∇γTα+δ + 12hγαβT+βδ)eγeδ − 14Tαδ− T+δγeγ ∧ e9, (3.7)
where
Rαβ(ω+) = R
αβ + 12∇γhδαβeγ ∧ eδ + 14hγαǫhδǫβeγ ∧ eδ. (3.8)
For convenience in notation, we introduce the one-form Tα
Tα ≡ Tγαeγ . (3.9)
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Furthermore, the covariant derivative with torsion acts as
D+T
αβ = [∇γTαβ + 12hγαδT δβ + 12hγβδTαδ]eγ ,
D+T
α = [∇γTδα + 12hγαβTδβ ]eγ ∧ eδ. (3.10)
In this case, we have
Rαβ(Ω+) = [R
αβ(ω+)− 14Tα+ ∧ T β+ − 12Tαβ− T ]− 12D+Tαβ− e9,
Rα9(Ω+) =
1
2D+T
α
+ +
1
4T
α
−βT
β
+ ∧ e9. (3.11)
Note that we have used the Bianchi identity on T+ in order to rewrite R
α9(Ω+).
In components, (3.7) becomes
Rαβ
γδ(Ω+) = Rαβ
γδ(ω+)− 14 (T+αγT+βδ − T+αδT+βγ)− 12TαβT γδ− ,
Rα9
γδ(Ω+) = − 12 (∇αT γδ− + 12hαγβT−βδ − 12T γβ− hαβδ),
Rαβ
γ9(Ω+) = −(∇[αT γ+β] + 12h[αγδT+|δ|β]),
Rα9
γ9(Ω+) =
1
4T+αδT
γδ
− . (3.12)
Note that the symmetry RABCD(Ω+) = RCDAB(Ω−) is hidden in these expressions. In particular, the relation
on Rαβγ9 requires use of the Bianchi identity dT± = 0, while the relation on Rαβγδ requires use of the Bianchi
identity dh3 = −T˜ ∧ T . This symmetry can be made more explicit by writing
Rαβ
γδ(Ω+) =
1
2 [Rαβ
γδ(ω+) +R
γδ
αβ(ω−)]
− 18 (T+αγT+βδ − T+αδT+βγ)− 18 (T−αγT−βδ − T−αδT−βγ)
− 18 (T+αβT γδ+ + T−αβT γδ− + 2T+αβT γδ− ). (3.13)
Curiously, note that all except for the last (T+αβT
γδ
− ) term is symmetrical under the interchange T ↔ T˜ .
One contraction yields the Ricci tensor
Rαβ(Ω+) = Rαβ(ω+)− 14T+αγT+βγ − 14T−αγT−βγ ,
Rα9(Ω+) = − 12 (∇γT+γα + 12hαγδT γδ+ ),
R9α(Ω+) = − 12 (∇γT−γα − 12hαγδT γδ− ),
R99(Ω+) =
1
4T+αβT
αβ
− . (3.14)
The symmetry between T and T˜ is broken in the Ricci component R99(Ω+). An additional contraction yields
the Ricci scalar
R(Ω+) = R(ω+)− 14T 2+ − 14T 2− + 14T+T− = R(ω+)− 14T 2 − 34 T˜ 2. (3.15)
Note that
Rαβ(ω+) = Rαβ − 12∇γhαβγ − 14hαγδhβγδ,
R(ω+) = R− 14h2, (3.16)
so in particular
R(Ω+) = R− 14h2 − 14T 2 − 34 T˜ 2. (3.17)
This expression is not symmetrical between T and T˜ .
Reduction of the two-derivative action is somewhat interesting. Ignoring the dilaton, we start with the
simple action
e−1L = R(Ω+) + 16H2 = R− 112H2. (3.18)
Note that this is not just R(Ω+). Reduction of R(Ω+) is given in (3.17), and reduction of H
2 follows from
(3.4)
H2 = h2 + 3T˜ 2. (3.19)
Putting this together gives
e−1L = R(Ω+) + 16H2 = [R − 14h2 − 14T 2 − 34 T˜ 2] + 16 [h2 + 3T˜ 2] = R− 112h2 − 14T 2 − 14 T˜ 2, (3.20)
which now is symmetrical between T and T˜ .
14
3.2 The reduction of X4
As we had already seen in Section 2.4, our couplings have six-dimensional counterparts with very closely related
properties that, however, are lighter and easier to deal with. Hence as a warm-up we shall start from X4, a
four-form quadratic in curvature, and then turn to X8.
We now take
X4(Ω+) ≡ − 1
8π2
Rab(Ω+) ∧Rab(Ω+), (3.21)
and reduce along e9. The result is
X4(Ω+) = X˜4 + X˜3 ∧ e9, (3.22)
where X˜3 is a closed form (dX˜3 = 0) but X˜4 is not (dX˜4 = X˜3 ∧ T ). We can now construct
−8π2
(
X˜4 − X˜2 ∧ T
)
= Rαβ(ω+) ∧Rαβ(ω+)− 12Rαβ(ω+) ∧ Tα+γT β+δeγ ∧ eδ
+ 12 (∇γTα+δ + 12hγαρT ρ+δ)(∇ǫTα+ι + 12hǫασT σ+ι)eγ ∧ eδ ∧ eǫ ∧ eι,
X˜3 = dX˜2,
−8π2X˜2 = [−Rαβ(ω+) + 14Tα+γT β+δeγ ∧ eδ + 14Tαβ− T ]Tαβ− . (3.23)
In particular, note that the combination X˜4 − X˜2 ∧ T in (3.23) is not only closed but is naturally built out
of the combination T+. As a result, it is invariant under T ↔ T˜ .3 Since this term arises from the even-odd
plus the odd-even spin structure sector of the IIA loop amplitude, the actual contribution we are interested in
is 12 [X4(Ω+)+X4(Ω−)], which picks out terms even in H . Nevertheless, X˜4− X˜2∧T
∣∣
even inH
remains invariant
under the interchange T ↔ T˜ .4
We can explicitly “average” (3.23) over the even-odd and odd-even spin structure sectors. For X˜4− X˜2∧T ,
we first note that
−8π2
(
X˜4 − X˜2 ∧ T
)
= Rαβ(ω+)∧Rαβ(ω+)− 12Rαβ(ω+)∧Tα+γT β+δeγ∧eδ+ 18Dα(ω−)T+∧Dα(ω−)T+, (3.24)
where
Dµ(Ω±)V
α
β = ∇µV αβ ± 12HµαλV λβ ± 12HµβλV αλ, (3.25)
and similarly for ω±. As a result, we have
−8π2
(
X˜4 − X˜2 ∧ T
) ∣∣∣
averaged
= 12 [R
αβ(ω+) ∧Rαβ(ω+) +Rαβ(ω−) ∧Rαβ(ω−)]
− 14 [Rαβ(ω+)Tα+γT β+δ +Rαβ(ω−)Tα−γT β−δ] ∧ eγ ∧ eδ
+ 116 [Dα(ω−)T+ ∧Dα(ω−)T+ +Dα(ω+)T− ∧Dα(ω+)T−],
(3.26)
which is invariant under T-duality. From other side
−8π2X˜2
∣∣∣
averaged
= − 14 [Rαβ(ω+) +Rαβ(ω−)](T+ + T−)αβ + 14 [Rαβ(ω+)−Rαβ(ω−)](T+ − T−)αβ
+ 116 [(T
α
+γT
β
+δ + T
α
−γT
β
−δ)(T+ + T−)
αβ − (Tα+γT β+δ − Tα−γT β−δ)(T+ − T−)αβ ]eγ ∧ eδ
+ 116 (T
2
+ + T
2
−)(T+ + T−) (3.27)
transforms as a doublet under T-duality. Let us first note that all averaged quantities are derived from
(X4(Ω+) +X4(Ω−)) /2 and contain only even powers of the NSNS three-form H . Hence X˜2
∣∣
averaged
is even in
the combined power of h3 and T˜ . It naturally splits as
−8π2X˜2
∣∣∣
averaged
= −8π2x˜2
∣∣∣
averaged
+ 116 (T
2
+ + T
2
−)(T+ + T−) , (3.28)
3Since X˜2 is defined as an inverse derivative on the closed form X˜3 (formally X˜2 = d−1ıkX4, where ık denotes the contraction
with the isometry generator k), it is ambiguous up to closed forms. As a consequence, there is an ambiguity in the definition of
the closed four-form X˜4 − X˜2 ∧ T . Demanding that the latter is globally-defined and T-duality invariant fixes the ambiguity. In
this sense, (3.23) gives the unique expressions for X˜2 and X˜4 − X˜2 ∧ T that appear in the effective action.
4We shall return to this point in Section 3.6.
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where −8π2x˜2
∣∣
averaged
are just the first three lines of (3.27). Both parts have a nice action of T-duality. For
the first
T-duality :
1
2
[x˜2(ω+, T+) + x˜2(ω−, T−)] ↔ −1
2
[x˜2(ω+, T+)− x˜2(ω−, T−)] , (3.29)
and the averaged and anti-averaged two-forms x˜2 form a doublet under T-duality group. The second part is
even more transparent:
T-duality : (T 2 + T˜ 2)T ↔ (T 2 + T˜ 2) T˜ . (3.30)
Note that the resulting expressions are now odd in the combined power of h3 and T˜ .
5
3.3 The reduction of X8
We now return to ten dimensions and consider the reduction of X8(Ω+). In order to do so, we need to consider
both the single trace and double trace pieces. We define
XS8 (Ω+) ≡
1
(2π)4192
trR(Ω+)
4,
XD8 (Ω+) ≡
1
4(2π)4192
(trR(Ω+)
2)2 =
1
192
X4(Ω+) ∧X4(Ω+), (3.31)
and consider the single and double trace pieces separately:
X8(Ω±) = X
S
8 (Ω±)−XD8 (Ω±) . (3.32)
Before turning to explicit expressions, let us note that, as for X4, we may perform a horizontal-vertical decom-
position
X8(Ω+) = X˜8 + X˜7 ∧ e9, (3.33)
where dX˜8 = X˜7 ∧ T and dX˜7 = 0. As before we define X˜6 by X˜7 = dX˜6, and take the closed combination
X˜8 − X˜6 ∧ T . Similar decompositions hold for XS8 and XD8 .
We first consider the single trace part:
XS8 (Ω+) = X˜
S
8 + X˜
S
7 ∧ e9, (3.34)
where
192(2π)4X˜S8 = [R
αβ(ω+)− 14Tα+T β+ − 12Tαβ− T ][Rβγ(ω+)− 14T β+T γ+ − 12T βγ− T ]
×[Rγδ(ω+)− 14T γ+T δ+ − 12T γδ− T ][Rδα(ω+)− 14T δ+Tα+ − 12T δα− T ]
−D+Tα+ [Rαβ(ω+)− 14Tα+T β+ − 12Tαβ− T ][Rβγ(ω+)− 14T β+T γ+ − 12T βγ− T ]D+T γ+
+ 18D+T
α
+D+T
α
+D+T
β
+D+T
β
+. (3.35)
This expression may be expanded in powers of T−. By explicit reduction, we find that the closed combination
X˜S8 − X˜S6 ∧ T has no powers of T−. Instead, all T− terms are contained in X˜S6 . What this means is that we
may simply set T− = 0 in (3.35) to obtain
192(2π)4
(
X˜S8 − X˜S6 ∧ T
)
= [Rαβ(ω+)− 14Tα+T β+][Rβγ(ω+)− 14T β+T γ+]
×[Rγδ(ω+)− 14T γ+T δ+][Rδα(ω+)− 14T δ+Tα+ ]
−D+Tα+ [Rαβ(ω+)− 14Tα+T β+][Rβγ(ω+)− 14T β+T γ+]D+T γ+
+ 18D+T
α
+D+T
α
+D+T
β
+D+T
β
+. (3.36)
5Such a flip of parity in H in characteristic classes built out of the connection with torsion plays an important role in D-brane
worlvolume couplings to RR fields [33–36]. These couplings, along with the pull-backs of RR fields wedged with characteristic
polynomials in curvatures, contain partially contracted terms. Terms with an even/odd number of contractions have even/odd
powers of the B-field.
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Note that X˜S6 is defined by X˜
S
7 = dX˜
S
6 . The explicit form of X˜
S
6 is somewhat unwieldy, but may be obtained
by subtracting (3.36) from (3.35) and then removing the extra two-form T from the result. We have checked
that this indeed works. Some useful identities for performing this check are
D+R
αβ(ω+) = 0, D+D+T
α
+ = R
αβ(ω)+T
β
+. (3.37)
For the double trace (factorized) piece, we first work with
X4(Ω+) = X˜4 + X˜3 ∧ e9, (3.38)
where X4(Ω+) was defined in (3.21). The result was already given in (3.23), but may be rewritten as
−8π2X˜4 = [Rαβ(ω+)− 14Tα+T β+ − 12Tαβ− T ][Rβα(ω+)− 14T β+Tα+ − 12T βγ− T ]− 12D+Tα+D+Tα+ ,
−8π2
(
X˜4 − X˜2 ∧ T
)
= [Rαβ(ω+)− 14Tα+T β+][Rβα(ω+)− 14T β+Tα+ ]− 12D+Tα+D+Tα+ . (3.39)
Finally, with
XD8 (Ω+) = X˜
D
8 + X˜
D
7 ∧ e9, (3.40)
we have
X˜D8 =
1
192
X˜4 ∧ X˜4,
X˜D8 − X˜D6 ∧ T =
1
192
(X˜4 − X˜2 ∧ T ) ∧ (X˜4 − X˜2 ∧ T ). (3.41)
Subtracting these expressions gives
X˜D6 ∧ T =
1
192
(
2X˜4 ∧ X˜2 ∧ T − X˜2 ∧ X˜2 ∧ T ∧ T
)
=
1
192
(
2(X˜4 − X˜2 ∧ T ) ∧ X˜2 ∧ T + X˜2 ∧ X˜2 ∧ T ∧ T
)
. (3.42)
Removing one T gives
X˜D6 =
1
192
(
2(X˜4 − X˜2 ∧ T ) ∧ X˜2 + X˜2 ∧ X˜2 ∧ T
)
. (3.43)
We can put everything together now using (3.32). Just as for X4, we may check that the combination
X˜8(Ω±)− X˜6(Ω±) ∧ T and, as consequence, the averaged closed eight-form are T-duality invariant. Similarly
to (3.27), the six-form X˜6
∣∣
averaged
=
(
X˜S6 − X˜D6
) ∣∣
averaged
can again be naturally split into two parts, both
of which transform as part of a doublet under the T-duality group. In particular, for most of the six-form,
T-duality exchanges the averaged and the (minus) anti-averaged expressions.
3.4 A doublet of anomalous couplings
We may finally turn to the discussion of the T-duality properties of the coupling B2 ∧ [X8(Ω+) + X8(Ω−)].
Using the horizontal-vertical decomposition of the forms discussed above, we may write∫
M10
B ∧ [X8(Ω+) +X8(Ω−)] =
∫
M9
b1 ∧ [X˜8(Ω+) + X˜8(Ω−)] + b2 ∧ [X˜7(Ω+) + X˜7(Ω−)]
=
∫
M9
b1 ∧ (X˜8 − X˜6 ∧ T )
∣∣
averaged
− h3 ∧ X˜6
∣∣
averaged
. (3.44)
Since we start from an expression that is invariant under both NSNS gauge transformations B −→ B + dΛ1
and ten-dimensional diffeomorphisms, the reduction should yield an expression invariant under NS gauge
transformations, nine-dimensional diffeomorphisms and U(1). The second line in (3.44) makes such properties
explicit, notably due to the appearance of the closed eight-form X˜8 − X˜6 ∧ T in the first term.
The T-duality properties are now equally transparent. Both b1 andX6
∣∣
averaged
are doublets under T-duality,
while h3 and (X˜8 − X˜6 ∧ T )
∣∣
averaged
are invariant. Hence the entire coupling transforms as a doublet. Namely
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(3.44) is mapped to the IIB version of the coupling under T-duality. Note that the latter vanishes in the
covariant ten-dimensional IIB action, but due to the contribution of the winding modes on the circle it appears
in the nine-dimensional acton. Perhaps more covariantly, the coupling can be written on an 11-dimensional
manifold N11, where ∂N11 =M10 (and correspondingly ∂N10 = M9)∫
N11
H3 ∧ [X8(Ω+) +X8(Ω−)] =
∫
N10
T˜ ∧ (X˜8 − X˜6 ∧ T )
∣∣
averaged
− d
(
h3 ∧ X˜6
∣∣
averaged
)
. (3.45)
So far we have only discussed the CP-odd part of the α′3 correction. Clearly the CP-even part should
behave in a similar way, and we shall discuss these in Appendix B. Unfortunately these are somewhat heavy
(and they also appear to be less constrained than the couplings discussed in this section), and so we write
down explicitly only the completions of the four-derivative X4 terms and not those of the eight-derivative X8.
In any case, the complete expression for the eight-derivative terms is not known to all orders in H . The study
of the T-duality of the eight-derivative couplings appears to be the most feasible way of fixing these terms.
3.5 The correspondence space
It is natural to ask if any of the formal approaches to T-duality are helpful in understanding the α′3 couplings
and fixing their ambiguities. In this regard, the correspondence space is a very useful tool for discussions of
T-duality. We shall not give any abstract definitions, but will just look at the present case of interest. If the
H-flux satisfies the Bianchi identity dH = 0 and respects the isometry, i.e. has vanishing Lie derivative with
respect to the isometry generator k, namely LkH = 0, it produces a closed two form (with integral periods)
given by the contraction T˜ = ıkH . In fact, if the space-time is a circle bundle over a base MB, then T˜ is
horizontal, i.e. is a two-form on B, and we can think of the geometrization of H by combining it with the U(1)
bundle over B into a T2 bundle. The total space of this principal fibration will be called the correspondence
space, and the exchange symmetry of the two circles will correspond to T-duality: the curvature two forms T
and T˜ form a doublet under the T-duality group, and the topological numbers
(
2πc1(M),
∫
M H =
∫
MB
T˜
)
for
the original background become
(∫
M˜
H˜ =
∫
MB
T, 2πc1(M˜)
)
[37]. By construction, the quantities computed on
this formal double-fibered space will have the exchange symmetry and hence be T-duality invariant.
Now suppose we do not use the connection with torsion, but instead reduce X4 on two commuting circles.
The geometry of this reduction should yield expressions with exchange symmetry between these two circles
built in. Since the reduction is fairly general, we take a metric of the form
ds2 = ηαβe
αeβ +
∑
i
(dψi +Ai)2, (3.46)
with an arbitrary number of circles labeled by i and then restrict to i = 2, which is the case we want to consider
for T-duality. Let
ei = dψi +Ai, dei = T i. (3.47)
The spin connections are
ωαβ = ωαβ − 12T i αβei, ωαi = − 12T i αβeβ , ωij = 0. (3.48)
This allows us to compute the curvature two-form
Rαβ = Rαβ − 14T i αγT i βδeγ ∧ eδ − 12T i αβT i − 12∇γT i αβeγ ∧ ei + 14T iαγT j γβei ∧ ej ,
Rαj = − 12∇γT j αδeγ ∧ eδ − 14T j δγT kαδeγ ∧ ek,
Rij = − 14T i αγT jαδeγ ∧ eδ. (3.49)
To keep the formula light, we shall just discuss X4 here; the discussion of the full coupling is very much
analogous. We consider X4 = R
ab ∧Rab, so that
X4 = X˜4 + X˜
i
3e
i + 12X˜
ij
2 e
i ∧ ej + 13!X˜ ijk1 ei ∧ ej ∧ ek + 14!X˜ ijkl0 ei ∧ ej ∧ ek ∧ el. (3.50)
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Note that X˜ ijk1 and X˜
ijkl
0 both vanish in the case we are interested in, where there are only two U(1)’s. Closure
of X4 then gives
dX˜4 − X˜ i3T i = 0, dX˜ i3 − X˜ ij2 T j = 0, dX˜ ij2 − X˜ ijk1 T k = 0,
dX˜ ijk1 − X˜ ijkl0 T l = 0, dX˜ ijkl0 = 0. (3.51)
Explicit reduction gives
−8π2
(
X˜4 − Xˆ i2T i
)
= RαβRαβ − 12RαβT i αγT i βδeγ ∧ eδ + 12∇γT iαδ∇ǫT i αιeγ ∧ eδ ∧ eǫ ∧ eι,
X˜ i3 = dXˆ
i
2 + Xˆ
ij
1 T
j,
X˜ ij2 = dXˆ
ij
1 + Xˆ
ijk
0 T
k,
X˜ ijk1 = dXˆ
ijk
0 ,
X˜ ijkl0 = 0. (3.52)
where
−8π2 Xˆ i2 = [−Rαβ + 14T j αγT j βδeγ ∧ eδ + 14T j αβT j]T i αβ ,
−8π2 Xˆ ij1 = − 14 [T i αβ∇γT j αβ − T j αβ∇γT i αβ ]eγ ,
−8π2 Xˆ ijk0 = 12T i αβT j βγT k γα. (3.53)
Comparison with previous sections (notably Section 3.2) shows that the expressions agree if h3 = 0. Indeed, let
us restrict i, j = 1, 2 and take (T 1, T 2) = (T, T˜ ). Then it is not hard to see that, provided h3 = 0, X˜4 − Xˆ i2T i
in (3.52) coincides with X˜4 − X˜2 ∧ T
∣∣
averaged
in (3.26). Moreover, we can see that Xˆ12 in (3.53) agrees with(−8π2x˜2∣∣averaged+ 116 (T 2++T 2−)(T++T−))∣∣h3=0, and Xˆ22 agrees with (−8π2x˜2∣∣anti−averaged+ 116 (T 2++T 2−)(T+−
T−)
)∣∣
h3=0
. Here we had to use the vanishing of h3 which implies the vanishing of either T or T˜ . (We need to
impose h3 = db2 − b1 ∧ T = 0 = dh3 = −T ∧ T˜ ). For h3 6= 0 one has to worry about the presence of ω+ and
ω− in X˜4 − Xˆ i2T i; for X˜ i2 the mismatch goes beyond the curvature terms.
This is not very surprising. While the correspondence space is a way of geometrizing the B-field, it does
not extend to the entire gerbe structure but only the part of it that, due to the isometry k, reduces to that of
an ordinary U(1) bundle. The symmetry of two U(1) bundles (and the curvatures T and T˜ ) is made explicit,
but any twisting by the horizontal component h3 is at best to be performed by hand.
We hope that working on the generalized tangent bundle (which does geometrize the entire B-field) will be
adequate. Furthermore, one may notice that imposing h3 = 0 allows us to construct isomorphisms between
the extension of the correspondence space and the generalized tangent bundle. We hope to return to these
questions in the future.
3.6 Side remark: T-duality invariance of the heterotic Bianchi identity
In view of how constraining T-duality is, it may seem puzzling that X˜4 − X˜2 ∧ T is T-duality invariant even
without averaging. We close this section by discussing the raison d’eˆtre of such an ostensibly “bonus” symmetry.
In fact this invariance (without averaging!) is needed for T-duality invariance of the heterotic Bianchi identity.
Indeed let us note that in dH = 14α
′trR(Ω+) ∧R(Ω+)− · · ·, all (even and odd) powers of H appear and there
is no averaging.
To the best of our knowledge, T-duality invariance of the heterotic Bianchi identity with the curvature
terms included has been discussed only for supersymmetric backgrounds [38–40]. Provided these backgrounds
have an isometry, one can show that the twisted connection is horizontal. Hence trR(Ω+)∧R(Ω+) is horizontal
as well and its contraction with the isometry vector vanishes.6 By decomposing the three form in terms of
horizontal and vertical components, H = H3 +H2 ∧ e, we get two components of the Bianchi identity:
dH3 +H2 ∧ T = 14α′trR(Ω+) ∧R(Ω+)− 14α′trF ∧ F,
dH2 = 0. (3.54)
6The gauge part of the Bianchi identity has received much more attention, at least when the gauge group is broken to a sum
of Abelian factors. We tacitly consider the simplest case without Wilson lines, and take trF ∧ F to be horizontal as well.
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We conclude from this thatH2 = T˜ is the curvature of the dual circle bundle, and arrive at the lower dimensional
BI:
dH3 =
1
4α
′trR(ω+) ∧R(ω+)− 14α′trF ∧ F − T ∧ T˜ . (3.55)
Of course, we expect T-duality to hold not only in the supersymmetric backgrounds. Using againX4(Ω+) ≡
− 18π2 trR(ω+) ∧ R(ω+) and the notation from Section 3.2, we verify that the heterotic Bianchi identity on a
background with an isometry yields:
dH3 +H2 ∧ T = −2π2α′X˜4(Ω+)− 14α′trF ∧ F,
dH2 = −2π2α′X˜+3 . (3.56)
Note that since H2 is not closed, it cannot be exchanged with the curvature of the U(1) bundle T . However,
since X˜3(Ω+) = d X˜2(Ω+) is exact, we can take
H2 = Tˇ − 2π2α′X˜2(Ω+), (3.57)
and hence define a closed two-form Tˇ , which is the curvature of the dual circle bundle. The first line in (3.56)
is now
dH3 = −2π2α′(X˜4 − T ∧ X˜2)− 14α′trF ∧ F − T ∧ Tˇ . (3.58)
In lowest order in α′, (X˜4 − T ∧ X˜2) coincides with the expression computed in (3.24) which is T-duality
invariant.7 As a consequence, the reduced heterotic Bianchi identity (3.58) is also T-duality invariant to order
α′. Proving the invariance to all orders in α′ should require inclusion of higher order corrections to the Bianchi
identity and may also require a higher-order modification of the T-duality.
4 Six-dimensional Heterotic/IIA duality
Since the full supersymmetric completion of the eight-derivative terms go up to O(H8), one would need to
compute up to eight-point string amplitudes in order to completely pin down their form. Unfortunately,
although there does not appear to be any conceptual issues in working out the eight-point function, technically
it appears to be quite a challenge. However, by reducing the IIA string to six dimensions on K3, we may
perform a test of our conjecture in a simpler yet related setting.
The resulting six-dimensional theory with 16 supercharges first admits four-derivative corrections of the form
α′R2 along with its supersymmetric completion. Moreover, the tree-level ten-dimensional heterotic action is
known at the four-derivative level [41–44], and it may be straightforwardly reduced to six-dimensions on T 4.
heterotic/IIA duality then maps this tree-level heterotic correction to the one-loop IIA correction that we are
interested in.
4.1 The heterotic theory
The four-derivative corrections arising from the heterotic string can be written concisely in terms of a connection
with torsion Ω+ = Ω+
1
2H and its corresponding curvature
R(Ω+) = R(Ω) +
1
2dH + 14H ∧H, Hab = Hµabdxµ. (4.1)
The bosonic Lagrangian takes the form
e−1L = e−2φ[R+ 4∂φ2 − 112H2µνρ − 14α′trF 2µν + 18α′Rµνλσ(Ω+)Rµνλσ(Ω+)], (4.2)
where H has a non-trivial Bianchi identity
dH = 14α
′trR(Ω+) ∧R(Ω+)− 14α′trF ∧ F. (4.3)
7Note that the closed two-form Tˇ defined in (3.57), which is exchanged with the curvature two-form T , differs from T˜ used,
e.g., in Section 3.2.
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The equations of motion corresponding to (4.2) in linear order in α′ are
R− 4∂φ2 + 4φ− 112H2µνρ − 14α′trF 2µν + 18α′Rµνλσ(Ω+)Rµνλσ(Ω+) = 0,
Rµν + 2∇µ∇νφ− 14HµρσHνρσ − 14α′trFµρFνρ + 14α′Rµλρσ(Ω+)Rνλρσ(Ω+) = 0,
d(e−2φ ∗H) = 0,
e2φd(e−2φ ∗ F ) +A ∧ ∗F − ∗F ∧ A+ F ∧ ∗H = 0. (4.4)
Note the appearance of R(Ω+) in both the effective action and the Bianchi identity. Of course, it is not
hard to check that the structure of α′ terms in the former ensures that only even powers in H appear. However
this is not the case for the latter, and there is no averaging in H . In fact the covariant derivative on the spinors
appearing in the supersymmetry transformations
δψµ =
(
∂µ +
1
4 (Ω−)µ + · · ·
)
ε (4.5)
involves a torsional connection with opposite torsion.
The reduction of the heterotic two-derivative action to six dimensions on T4 is straightforward, and gives
rise to N = (1, 1) supergravity [21, 45] coupled to 20 vector multiplets. In six dimensions, there are 4 + 20
vectors, with four of them in the gravity multiplet. The remaining 20 vectors combine with the 80 scalars living
on the coset SO(4, 20)/SO(4)×SO(20) to form 20 vector multiplets. The bosonic fields in the gravity multiplet
are (gµν , Bµν , (3 + 1)Aµ, φ). However, instead of a complete reduction, we only consider the six-dimensional
metric, antisymmetric tensor and dilaton, as they will dualize to the NSNS sector of the IIA string. In this
case, we can directly take (4.2) as a six-dimensional heterotic Lagrangian, while at the same time discarding
the heterotic gauge fields. To be precise, we write
e−1L = e−2φ[Rhet + 4∂φ2 − 112Hhet 2µνρ + 18α′Rhetµνλσ(Ω+)Rhetµνλσ(Ω+) + · · ·], (4.6)
where the superscript ‘het’ indicates that these are the heterotic fields.
4.2 Dualizing to IIA
At the two-derivative level, N = (1, 1) supergravity admits two distinct formulations related by dualization of
H . The heterotic version has a non-trivial Bianchi identity dHhet = −(α′/4)trF ∧ F , and was denoted N = 4˜
in [21]. In contrast, the IIA version has a trivial Bianchi identity dHIIA = 0, and corresponds to N = 4 in [21].
Even when including the four-derivative corrections, we see that the heterotic H equation of motion in (4.4)
remains source-free. Thus we may simply extend the heterotic/IIA duality map
Hhet = e2φ ∗HIIA, ghetµν = e2φgIIAµν , φ = −ϕIIA, (4.7)
without additional higher-derivative modifications. This dualization is designed to exchange the three-form
Bianchi identity with the equation of motion, so that
dHIIA = 0, d(e−2ϕ ∗HIIA) = 14α′trRhet(Ω+) ∧Rhet(Ω+)− 14α′trF ∧ F. (4.8)
(We will discard the trF ∧ F term, but have left it here for completeness.) Note that, while we could include
higher derivative corrections to the map (4.7), such additions would simply correspond to a field redefinition
of the IIA fields. As we will see below, the choice (4.7) in fact leads to our desired result for the IIA theory
without further redefinitions.
We now dualize the remaining equations of motion. At the two derivative level, the IIA dilaton and Einstein
equations are obtained from linear combinations of the heterotic dilaton and Einstein equations. We find
RIIA − 4∂ϕ2 + 4ϕ− 112HIIA 2µνρ +O(α′) = 0,
RIIAµν + 2∇µ∇νϕ− 14HIIAµρσHIIA ρσν +O(α′) = 0. (4.9)
Note that the covariant derivatives are computed with the IIA metric, and that ϕ is the IIA dilaton. In order
to complete these equations at the four derivative level, we must work out the O(α′) terms in both (4.8) and
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(4.9). Since the higher derivative terms are built out of R(Ω+) we first compute
Rhetabµν = Rµν
ab − 2δ[a[µRb]ν] + 4δ[a[µ∂ν]ϕ∂b]ϕ− δa[µδbν]ϕ− 12H[µacHν]cb
+∇[µ ∗Hν]ab + 2 ∗Hµν [a∂b]ϕ+ 2δ[a[µ ∗Hν]b]α∂αϕ. (4.10)
Note that we have used the lowest order equations of motion to simplify this result. In addition, all terms on
the right hand side are IIA fields, although from now on we drop the ‘IIA’ notation to avoid cluttering the
equations. The first and second lines of this expression have opposite parity.
The heterotic dilaton equation of motion in (4.4) involves the square of the heterotic Riemann tensor. Using
(4.10), and the lowest-order equations of motion, we find (after much tedious manipulations)
e4φRhetµνρσ(Ω+)
2 = 12Rµνρσ(Ω+)
2 + 12E4 −R(Ω+) + 13∂µH2∂µϕ− 13H2ϕ+ 2H2µν∇µ∇νϕ, (4.11)
where
E4 = − 18ǫ6ǫ6R(Ω+)2 ≡ − 18ǫαβµ1···µ4ǫαβν1···ν4Rµ1µ2ν1ν2(Ω+)Rµ3µ4ν3ν4(Ω−)
= Rµνρσ(Ω+)R
ρσµν(Ω+)− 4Rµν(Ω+)Rνµ(Ω+) +R(Ω+)2. (4.12)
Note that the dilaton factor is consistent with this being a one-loop term from the IIA point of view. The right
hand side of (4.11) was worked out using
Rµν
λσ(Ω+) = Rµν
λσ + 12 (∇µHνλσ −∇νHµλσ) + 14 (HµλαHνασ −HνλαHµασ),
Rµν(Ω+) = Rµν − 12∇αHαµν − 14H2µν ,
R(Ω+) = R− 14H2. (4.13)
Furthermore, the Ricci tensor and Ricci scalar with torsion can be rewritten using the lowest-order equations
of motion
Rµν(Ω+) = −2∇µ∇νϕ−Hµνα∂αϕ,
R(Ω+) = −2ϕ. (4.14)
For the HIIA equation of motion, we work out trRhet∧Rhet where Rhet is given in (4.10). This will consist
of two pieces, a CP-odd piece from the first line of (4.10) wedged into itself plus the second line wedged into
itself, and a CP-even piece from the cross-term. Again using the lowest order equations of motion, we find the
CP-odd piece to be
Rhetab[µν R
hetab
λσ]
∣∣
CP-odd
= (R[µν
ab + 12Hµ
acHν
cb)(Rλσ]
ab + 12Hλ
adHσ]
db) + (∇[µHνab)(∇λHσ]ab). (4.15)
However, this can be written more instructively as the ‘averaged’ expression for trR ∧R
Rhetab[µν R
hetab
λσ]
∣∣
CP-odd
= 12 [R[µν
ab(Ω+)Rλσ]
ab(Ω+) +R[µν
ab(Ω−)Rλσ]
ab(Ω−)]. (4.16)
The remaining CP-even cross-term is somewhat unusual. It can be written as a divergence
1
4! ǫρδ
µνλσRhet ab[µν R
hetab
λσ]
∣∣
CP-even
= ∇λTρδλ, (4.17)
where Tρδλ is completely antisymmetric
Tρδλ =
1
2Rµν[ρδHλ]
µν −Rµ[ρHδλ]µ + ∂[ρϕ∇µHδλ]µ − 2∇µ(Hµ[ρδ∂λ]ϕ)
+ 124 (2Hρ
abHδ
bcHλ
ca + 13H
2Hρδλ) +
1
3∂ϕ
2Hρδλ. (4.18)
Collecting the above results, we may write down the four-derivative equations of motion in the IIA duality
frame. For H , we have the Bianchi identity and equation of motion
dH = 0,
∇λ[e−2ϕHρδλ + 32α′Tρδλ] = − 32α′ 14! ǫρδµνλσ 12 [R[µνab(Ω+)Rλσ]ab(Ω+) +R[µνab(Ω−)Rλσ]ab(Ω−)].
(4.19)
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For the dilaton, we have
e−2ϕ(R + 4ϕ− 4∂ϕ2 − 112H2) = 0. (4.20)
Note in particular that this dilaton equation is unaffected by the one-loop α′ correction. Finally, the trace of
the Einstein equation is
e−2ϕ(R+2ϕ− 14H2) = 18α′[ 12Rµνρσ(Ω+)2+ 12E4−R(Ω+) + 13∂µH2∂µϕ− 13H2ϕ+2H2µν∇µ∇νϕ]. (4.21)
For completeness, we would also want the uncontracted Einstein equation, which involves working out the
uncontracted Rhetµλρσ(Ω+)R
hetλρσ
ν (Ω+). Although we have only worked this out implicitly using Maple and the
dualization map (4.7), this was sufficient for us to uniquely determine the IIA Lagrangian.
4.3 Finding a IIA Lagrangian
Given the equations of motion (4.19), (4.20) and (4.21), as well as the uncontracted Einstein equation, we now
wish to obtain an effective IIA action. Since the CP-even and CP-odd terms are distinct, it is possible to work
out the effective action in both sectors independently.
4.3.1 The CP-even sector
We start with the CP-even sector and work systematically by writing out the most general four-derivative
Lagrangian for the metric, antisymmetric tensor and dilaton. Up to integration by parts, we write
e−1δLCP-even = α1R2µνλσ + α2R2µν + α3R3 + β1RµνλσHµναHλσα + β2RµνHµαβHναβ + β3RH2
+β4∇µHναβ∇νHµαβ + γ1HµνλHµαβHνβγHλγα + γ2(H2µν)2 + γ3(H2)2
+δ1Rµν∂
µϕ∂νϕ+ δ2R∂ϕ
2 + δ3(ϕ)
2 + δ4(∂ϕ
2)2 − ǫ1φ∂ϕ2 − ǫ2ϕ
+κ1H
2∂ϕ2 + κ2H
2
µν∂
µϕ∂νϕ− κ3H2ϕ− κ4H2µν∇µ∇νϕ. (4.22)
Note that we have not yet used any lowest order equations of motion to simplify the above.
We can match the equations of motion derived from this Lagrangian with those obtained from dualization.
In practice, we work with the six-dimensional dyonic string solution [46], and match coefficients symbolically
using Maple with grtensor. The result is reasonably straightforward, and we find (up to an overall normaliza-
tion)
α1 = 1, α2 = −2 + κ2 + κ4, α3 = 12 − 16κ1 − 16κ2 + κ3 + 136δ4,
β1 = − 14κ2, β2 = − 12 − 14κ2 − 12κ4, β3 = 112 + 14κ1 + 112κ2 − 12κ3, β4 = 12 + 14κ2,
γ1 =
1
24 , γ2 =
1
16κ2 +
1
16κ4, γ3 =
1
288 − 596κ1 − 196κ2 + 116κ3,
δ1 = −4κ2 − 4κ4, δ2 = −4κ1 − 13δ4, δ3 = 103 κ1 + 103 κ2 + 4κ3 + 4κ4 + 2536δ4,
ǫ1 = 8κ1 +
5
3δ4, ǫ2 = − 43κ1 − 43κ2 − 4κ3 − 2κ4 − 518δ4. (4.23)
There are five undetermined parameters, which we have taken to be {κ1, κ2, κ3, κ4, δ4}. However these param-
eters are unphysical, and may be removed by appropriate shifts.
In particular, this Lagrangian is only determined up to expressions involving squares of the equations of
motion. To be specific, we define the dilaton, antisymmetric tensor and Einstein equations
Eϕ = R− 4∂ϕ2 + 4ϕ− 112H2,
EBµν = ∇λHµνλ − 2Hµνλ∂λϕ,
Eµν = Rµν + 2∇µ∇νϕ− 14H2µν . (4.24)
Since there are five quadratic combinations
(Eϕ)2, EϕEµµ , (E
µ
µ)
2, (EBµν)
2, (Eµν)
2. (4.25)
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there are precisely five free parameters in the recreated Lagrangian. Note that this freedom is not associated
with field redefinitions. The field redefinition freedom is the ability to shift, say the dilaton by an appropriate
function of the fields
ϕ→ ϕ+ δϕ(gµν , Bµν , ϕ). (4.26)
This changes the Lagrangian according to
L → L+ δL = L+ δL
δϕ
δϕ = L+ Eϕδϕ, (4.27)
where Eϕ is just the lowest order dilaton equation of motion. (We have assumed integration by parts when
necessary.) Of course, this works for any of the fields. So what we see is that field redefinitions allow us to shift
the Lagrangian by terms linear in the lowest order equations of motion multiplied by an arbitrary combination
of the fields and their derivatives.
Examination of (4.23) indicates that there is a ‘preferred’ combination of terms in the four-derivative
Lagrangian that is independent of the dilaton. The dilaton independent Lagrangian is simply obtained by
setting the five undetermined parameters to zero, i.e. by setting κi = 0 and δ4 = 0. This gives the CP-even
four-derivative Lagrangian
e−1δLCP-even = R2µνλσ − 2R2µν + 12R2 − 12RµνH2µν + 112RH2 + 12∇µHναβ∇νHµαβ
+ 124HµνλH
µα
βH
νβ
γH
λγ
α +
1
288 (H
2)2. (4.28)
Since we claim the natural curvature quantities are computed out of the connection with torsion, Ω+ =
Ω+ 12H , we wish to rewrite the Lagrangian in terms of Rµνρσ(Ω+) and its contractions. In particular, motivated
by the string amplitude results, we anticipate an expression of the form t4t4R
2+E4, where the first term arises
from the even-even spin structure sector, and where E4 defined in (4.12) arises from the odd-odd spin structure
sector. For t4t4R
2, we have
t4t4R(Ω+)
2 ≡ Rµνρσ(Ω+)2 = R2µνρσ +∇µHνab∇νHµab −RµνλσHµλaHνσa + 18 (H2µν)2 − 18H4, (4.29)
where
H4 ≡ HµνρHµabHνbcHρca, (4.30)
while for E4, we find (allowing for integration by parts)
E4 = R
2
µνρσ − 4R2µν + (R − 14H2)2 − 3RµνρσHµρaHνσa + 3RµνH2µν − 18 (H2µν)2 − 18H4. (4.31)
Inserting (4.29) and (4.31) into (4.28), and choosing to use curvatures built out of Ω+ then gives
2e−1δLCP-even = Rµνρσ(Ω+)2 + E4 + 4Rµνρσ(Ω+)HµρaHνσa − 4Rµν(Ω+)H2µν + 23R(Ω+)H2
+ 19 (H
2)2 − 23H4. (4.32)
While we would like to attribute the first two terms in (4.32) to the even-even and odd-odd spin structure
sectors, respectively, the remaining terms may appear to be an unexpected addition to the four-derivative
Lagrangian. Note, however, that the three-point amplitude for the IIA string compactified onK3 was computed
in [32], where it was found that the even-even and odd-odd sectors gave identical contributions at the level of
the three-point function
A|3−pt = R2µνρσ + 12∇µHνab∇νHµab = R2µνρσ +RµνρσHµρaHνσa + · · · . (4.33)
Here we have made use of the on-shell relation
∇µHνab∇νHµab = 2RµνλσHµλaHνσa + · · · , (4.34)
which holds at the level of the three-point function. Comparing this with (4.29) indicates that t4t4R(Ω+)
2 is
sufficient for matching the even-even sector at this level. However, E4 given in (4.31) by itself is incomplete
for the odd-odd sector. Instead, the odd-odd contribution must have the form
E4 + 4Rµνρσ(Ω+)H
µρaHνσa + · · · = R2µνρσ +RµνρσHµρaHνσa + · · · , (4.35)
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to agree with the three-point function. This suggests that the second and third terms in (4.32) both arise in
the odd-odd sector. The remaining terms do not contribute to three-point functions, and hence cannot be fixed
at this level.
We note, however, that the explicit R(Ω+)H
2 terms in (4.32) can in fact be written more compactly using
the identities
ǫ6ǫ6H
2R(Ω+) ≡ ǫαµ0···µ4ǫαν0···ν4Hµ1µ2ν0Hν1ν2µ0Rµ3µ4ν3ν4(Ω+)
= −24Rµνρσ(Ω+)HµρaHνσa + 24Rµν(Ω+)H2µν − 4R(Ω+)H2 − 2(H2µν)2 + 4H4,
(4.36)
and
ǫ6ǫ6H
4 ≡ ǫαβµ1···µ4ǫαβν1···ν4Hµ1µ2aHν1ν2aHµ3µ4bHν3ν4b = −8(H2)2 + 24(H2µν)2. (4.37)
The final result for the CP-even sector is then
2e−1LCP-even = t4t4R(Ω+)2 − 18ǫ6ǫ6R(Ω+)2 − 16ǫ6ǫ6H2R(Ω+)− 172ǫ6ǫ6H4. (4.38)
This is now written in a form where we expect the first term to arise from the even-even sector and the
remaining three to arise from the odd-odd sector. We will demonstrate that this is in fact the case below when
we investigate the closed string four-point function.
4.3.2 The CP-odd sector
Turning now to the CP-odd sector, we take a slightly different approach to constructing the effective Lagrangian.
Instead of writing out all possible four-derivative terms, we conjecture that the purely gravitational correction
B ∧ trR2 has a natural extension to the ‘averaged’ form
e−1LCP-odd = 18ǫαβµνρσBαβ 12 [Rµνab(Ω+)Rρσab(Ω+) +Rµνab(Ω−)Rρσab(Ω−)]
= e−1 12 [L(+) + L(−)]. (4.39)
This preserves gauge invariance under transformations of B since trR2 → trR(Ω+)2 shifts by an exact form.
We consider this Lagrangian to be a function of both Bµν and Ω+µ
ab, so that the variation of L(+) is
e−1δL(+) = 18ǫαβµνρσRµνab(Ω+)Rρσab(Ω+)δBαβ + 14 ǫαβµνρσBαβRµνab(Ω+)δRρσab(Ω+). (4.40)
When averaged, the first term gives us the expected contribution to the right hand side of the H equation
of motion (4.19). However the second term is extra, and we would like to demonstrate that it vanishes when
averaged. To do so, we first compute the variation of Riemann
δRµν
ab(Ω+) = 2(∇[µδΩ+ ν]ab + 12H[µacδΩ+ ν]cb − 12H[µbcδΩ+ ν]ca). (4.41)
and integrate by parts to handle the first term in (4.41). The result is
e−1δL(+)extra = − 12ǫαβµνρσ[ 13HραβRµνab(Ω+) +Bαβ∇ρRµνab(Ω+) +BαβRµνcb(Ω+)Hρac]δΩ+ σab. (4.42)
We now use the identity
∇[ρRµν]ab(Ω+) = −R[ρµc[bHν]a]c −H[µc[a∇νHρ]b]c, (4.43)
to obtain
e−1δL(+)extra = − 12ǫαβµνρσ[ 13HραβRµνab(Ω+) + 12BαβHµacHνcdHρdb]δΩ+ σab. (4.44)
Note that H[µ
acHν
cdHρ]
db is symmetric under a↔ b interchange, so the second term vanishes. As a result, we
are left without any bare Bαβ terms, and we have simply
e−1δL(+)extra = − 16ǫαβµνρσHραβRµνab(Ω+)δΩ+ σab. (4.45)
Of course, we still would like to show that this vanishes when averaged.
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For simplicity, we focus on the H equation of motion. In this case, we take
δΩ+µ
ab → 12δHµab = 12eνaeρbδHµνρ. (4.46)
Furthermore, averaging picks out terms odd in H . After substituting in (4.13) for Rµν
ab(Ω+), we end up with
e−1δLextra = − 112ǫαβµνρσHραβ∇µHνabδHσab. (4.47)
We conjecture that this term vanishes using the lowest order equations of motion. In particular
ǫαβµνρ[σHραβ∇µHνab] = 0, (4.48)
for the dyonic string solution. Assuming this holds, we have thus demonstrated that the CP-odd Lagrangian
(4.39) indeed reproduces the right hand side of the H equation of motion (4.19).
Combining the CP-even and CP-odd sectors, we have obtained the one-loop four-derivative contribution to
the NSNS sector of the six-dimensional IIA Lagrangian using heterotic/IIA duality. The result is
e−1LIIA = e−2ϕ[R+ 4∂ϕ2 − 112H2µνρ]
+ 116α
′[t4t4R(Ω+)
2 − 18ǫ6ǫ6R(Ω+)2 − 16ǫ6ǫ6H2R(Ω+)− 172ǫ6ǫ6H4]
+ 132α
′ǫαβµνρσBαβ
1
2 [Rµν
ab(Ω+)Rρσ
ab(Ω+) +Rµν
ab(Ω−)Rρσ
ab(Ω−)], (4.49)
where ϕ is the IIA dilaton, and where the CP-even expressions are defined in (4.29), (4.12), (4.31), (4.36) and
(4.37). As a point of comparison, the supersymmetric completion of R2 in the context of the (1, 0) theory
was investigated in [47–50]. A complete result was obtained for the supersymmetrization of t4t4R
2, while only
a partial result was given for the supersymmetrization of the Gauss-Bonnet combination (corresponding to
ǫ6ǫ6R
2). Considering only bosonic fields, the supersymmetric combinations took the form
t4t4R
2 → t4t4R(Ω−)2 +B ∧R(Ω−) ∧R(Ω−),
ǫ6ǫ6R
2 → ǫ6ǫ6R(Ω+)2 +B ∧R(Ω+) ∧R(Ω+) + · · · , (4.50)
where the ellipsis denotes additional terms involving H that were not determined. Although the Lagrangian
(4.49) pertains to the (1, 1) theory (despite being incomplete in the RR sector), it is reassuring to see that
it agrees with (4.50). In fact, we suggest that the additional ǫǫH2R and ǫǫH4 terms in (4.49) complete the
missing terms in (4.50).
4.4 The one-loop four-point function in six dimension
Although we have taken an indirect route to the IIA Lagrangian, (4.49), it ought to be possible to obtain it
directly from a string worldsheet computation. This was in fact done at the level of the three-point amplitude
in [32]. It is important to note, however, that the three-point computation cannot determine any of the H4
terms nor any terms involving the Ricci tensor or curvature scalar. For those terms, one would have to go to
the level of the four-point function.
We focus on the kinematical structure of the six-dimensional one-loop four-point function in the odd-odd
spin structure sector. It turns out that this is sufficient for the identification of the ǫǫ terms in (4.49), thus
allowing us to avoid a rather tedious computation of the full one-loop integrals. As in (2.19), we take the first
vertex operator in the (−1,−1) picture, and the remaining three in the (0, 0) picture. The amplitude is then
of the form
Ao-o ∼ θ(1)µ1ν1 · · · θ(4)µ4ν4
〈
ψ · ∂X(0)ψµ1
4∏
i=2
(i∂Xµi + 12α
′ki · ψψµi)
ψ˜ · ∂¯X(0)ψ˜ν1
4∏
i=2
(−i∂¯Xνi + 12α′ki · ψ˜ψ˜νi)
4∏
i=1
eiki·X
〉
odd
, (4.51)
where the polarizations may be decomposed according to (2.3).
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This amplitude can be expanded in the number of worldsheet fermions. Since we consider the odd spin
structure in six dimensions, we must soak up six fermion zero modes. This gives four distinct contributions,
arising from taking either six or eight fermions on the left in combination with six or eight on the right. The
six fermion expressions are of the form
A6 ∼ 〈∂Xα(0)∂Xµ〉〈ψαψµ(k · ψψµ)(k · ψψµ)〉, (4.52)
while the eight fermion expressions are of the form
A8 ∼ 〈∂Xα(0)〉〈ψαψµ(k · ψψµ)(k · ψψµ)(k · ψψµ)〉. (4.53)
We begin with the contribution from six fermions on the left and six on the right, keeping in mind that we
focus only on the kinematics. Taking, e.g., both i∂Xµ2 and −i∂¯Xν2 from the second vertex operator, we have
a contribution of the form
A66¯ ∼ ǫαµ1k3µ3k4µ4ǫβν1k3ν3k4ν4
〈
∂Xα(0)∂Xµ2(z2)∂¯X
β(0)∂¯Xν2(z¯2)
∏
eiki·X(zi,z¯i)
〉
, (4.54)
where we have omitted the polarization tensors for brevity. Note that we have introduced a shorthand nota-
tion for momenta ki contracted against the ǫ-tensor. The bosonic amplitude is complicated by possible zero
mode contractions, 〈∂Xµ∂¯Xν〉 ∼ ηµν , as well as contractions against the exponentials, 〈∂Xµ(zi)eikj ·X(zj)〉 ∼
kµj ∂∆(zij)〈eikj ·X(zj)〉. This amplitude starts at O(k4) with a pair of zero mode contractions and continues up
to O(k8) when all the ∂Xµ and ∂¯Xµ terms contract against the exponentials. The general expression is of the
form
A66¯ ∼ ǫαµ1k3µ3k4µ4ǫβν1k3ν3k4ν4
[
ηαβηµ2ν2 + ηαν2ηβµ2 +
∑
i,j
(
ηαβkµ2i k
ν2
j ∂∆(z2i)∂¯∆(z¯2j)
+ηµ2ν2kαi k
β
j ∂∆(zi)∂¯∆(z¯j) + η
αν2kµ2i k
β
j ∂∆(z2i)∂¯∆(z¯j) + η
βµ2kαi k
ν2
j ∂∆(zi)∂¯∆(z¯2j)
)
+
(
ηαµ2∂∂∆(z2) +
∑
i,j
kαi k
µ2
j ∂∆(zi)∂∆(z2j)
)(
ηβν2 ∂¯∂¯∆(z¯2) +
∑
i,j
kβi k
ν2
j ∂¯∆(z¯i)∂¯∆(z¯2j)
)]
×
∏
i<j
χ(zij , z¯ij)
sij , (4.55)
where sij = ki · kj . The first two terms in the square brackets originate from a pair of zero mode contractions,
the sum from a single zero mode contraction, and the final product in the square brackets from the factorized
left and right contractions.
Since we are only interested in the four-derivative contribution to the effective action, and since there are
already four momentum factors contracted against the ǫ-tensors, we may guess that we could simply ignore all
the k-dependent terms inside the square brackets and also take sij → 0 in the final line of (4.55). This would
be the case, except for the fact that there are potential short distance singularities as zij → 0 on the string
worldsheet. The additional non-vanishing contributions arise from worldsheet integrals of the form∫
d2z
2τ2
∂∆(zij)∂¯∆(z¯ij)χ(zij , z¯ij)
sij ∼ 1
sij
. (4.56)
As a result, we end up with an expression of the form
A66¯
∣∣∣
k4
∼ ǫαµ1k3µ3k4µ4ǫβν1k3ν3k4ν4

ηαβηµ2ν2 + ηαν2ηβµ2 +∑
ij
ηαβ
kµ2i k
ν2
j
sij
− 1
2
ηαµ2ηβν2

 . (4.57)
Although the relative factors between the terms may be fixed by performing the worldsheet integration, in
practice we determined them empirically by matching with the effective action. Finally, recall that in deriving
this expression, we singled out the second vertex operator in (4.54). The full amplitude is obtained by summing
over permutations of vertex operators 2, 3 and 4 independently on both the left and the right.
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The next contribution we consider is for eight fermions on the left and six on the right. Taking eight
fermions on the left is unique, while on the right we once again single out −i∂¯Xν2 from the second vertex
operator. This gives
A86¯ ∼ ǫβν1k3ν3k4ν4
〈
∂Xα(0)∂¯Xβ(0)∂¯Xν2(z¯2)
∏
eiki·X(zi,z¯i)
〉〈
ψα(0)ψµ1(z1)
4∏
i=2
ki · ψ(zi)ψµi(zi)
〉
, (4.58)
where we have performed the fermion zero mode contraction in the right sector. The boson contractions give
AB86¯ ∼
∑
i
[(
ηαβkν2i ∂¯∆(z¯2i) + η
αν2kβi ∂¯∆(z¯i)
)
+kαi ∂∆(zi)
(
ηβν2 ∂¯∂¯∆(z¯2) +
∑
j,k
kβj k
ν2
k ∂¯∆(z¯j)∂¯∆(z¯2k)
)]∏
i<j
χ(zij , z¯ij)
sij , (4.59)
while the fermion contractions give
AF86¯ ∼ ηαµ1ǫk2µ2k3µ3k4µ4∂∆(z1) +
4∑
i=2
(
δαµiǫµ1kikjµjkkµk − kαi ǫµ1µikjµjkkµk
)
∂∆(zi)
+
4∑
i=2
(
kµ1i ǫαµikjµjkkµk − ηµ1µiǫαkikjµjkkµk
)
∂∆(z1i) +
∑
2≤i<j≤4
(−ki · kjǫαµ1µiµjkkµk
+k
µj
i ǫαµ1µikjkkµk + k
µi
j ǫαµ1kiµjkkµk − ηµiµj ǫαµ1kikjkkµk
)
∂∆(zij). (4.60)
In the above, the indices i, j and k take on the distinct values 2, 3 and 4.
Combining (4.59) and (4.60) gives an expression that starts at O(k6). Hence any contribution at the
four-derivative level must originate from momentum denominators of the form (4.56). We find
A86¯
∣∣∣
k4
∼ ǫαν1k3ν3k4ν4
[
−k
ν2
1
s12
(
kµ12 ǫαµ2k3µ3k4µ4 − ηµ1µ2ǫαk2k3µ3k4µ4
)
+
kν23
s23
(−k2 · k3ǫαµ1µ2µ3k4µ4 + kµ32 ǫαµ1µ2k3k4µ4 + kµ23 ǫαµ1k2µ3k4µ4 − ηµ2µ3ǫαµ1k2k3k4µ4)
+
kν24
s24
(−k2 · k4ǫαµ1µ2µ4k3µ3 + kµ42 ǫαµ1µ2k4k3µ3 + kµ24 ǫαµ1k2µ4k3µ3 − ηµ2µ4ǫαµ1k2k4k3µ3)].
(4.61)
Note that the full contribution will include permutations of 2, 3 and 4 on the right. In addition, the amplitude
A68¯ with six fermions on the left and eight on the right is simply related by interchange of {µi} ↔ {νi} in the
above expression.
Finally, there is the contribution with eight fermions on both the left and the right
A88¯ ∼
〈
∂Xα(0)∂¯Xβ(0)
∏
eiki·X(zi,z¯i)
〉〈
ψα(0)ψµ1(z1)
4∏
i=2
ki · ψ(zi)ψµi(zi)
〉
×
〈
ψ˜β(0)ψ˜µ1(z¯1)
4∏
i=2
ki · ψ˜(z¯i)ψ˜µi(z¯i)
〉
. (4.62)
At the lowest order, only the bosonic zero mode contraction is important. The amplitude is then given by a
product of (4.60) with its conjugate. Again, we identify only the pole terms of the form (4.56). The result is
A88¯
∣∣∣
k4
∼
4∑
i=2
1
s1i
(
kµ1i ǫαµikjµjkkµk − ηµ1µiǫαkikjµjkkµk
)(
kν1i ǫανikjνjkkνk − ην1νiǫαkikjνjkkνk
)
+
∑
2≤i<j≤4
1
sij
(−ki · kjǫαµ1µiµjkkµk + kµji ǫαµ1µikjkkµk + kµij ǫαµ1kiµjkkµk − ηµiµj ǫαµ1kikjkkµk)
×(−ki · kjǫαν1νiνjkkνk + kνji ǫαν1νikjkkνk + kνij ǫαν1kiνjkkνk − ηνiνj ǫαν1kikjkkνk). (4.63)
This amplitude is complete, and in particular no sum over permutations is needed, as the eight fermion terms
in the expansion of (4.51) are unique.
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4.4.1 Recreating the effective Lagrangian
At the four-derivative level, the odd-odd four-point amplitude is given by the sum of A66¯, A86¯, A68¯ and A88¯,
given by (4.57), (4.61) and its conjugate and (4.63). This amplitude captures the scattering of gravitons,
antisymmetric tensors and dilatons, depending on how the polarizations θ
(i)
µν are chosen. We are primarily
interested in the scattering of four gravitons, of two gravitons and two antisymmetric tensors, and of four
antisymmetric tensors:
h−h−h−h, h−h−b−b, b−b−b−b. (4.64)
(Amplitudes with an odd number of antisymmetric tensors automatically vanish.)
We now take an effective Lagrangian of the form
L = Ltree + Lo-oloop, (4.65)
where Ltree is given by (2.11) and Lo-oloop is given by the parameterization (4.22). For simplicity, we remove
the dilaton terms in Lo-oloop by setting δi = ǫi = κi = 0. This assumes, of course, that the dilaton couplings
are absent in the string frame, and is motivated by the result of heterotic dualization. We will see that this
assumption is justified in the end by our ability to self-consistently obtain an effective Lagrangian reproducing
the string amplitude.
At the four-point four-derivative level, the scattering amplitude receives contributions from s, t and u
channel exchange diagrams as well as from a four-point contact interaction. The exchange diagrams involve
a three-point interaction from Ltree connected to a three-point interaction from Lo-oloop by either a graviton,
antisymmetric tensor or dilaton propagator. The four-point contact term comes only from Lo-oloop. Recreating
the effective Lagrangian by matching the amplitude computed from (4.65) with the string amplitude is a
rather tedious exercise. So instead we have taken a shortcut by matching amplitudes involving a specific basis
of momenta and polarizations with the assistance of Mathematica. As a technical note, while (4.65) is given
in the string frame, the actual scattering amplitude is computed in the Einstein frame, as that corresponds
directly with the choice of polarization tensors (2.3) used in the string vertex operators.
Up to an overall normalization, we find that the effective Lagrangian that generates the odd-odd string
amplitude is
e−1δLo-oloop = R2µνλσ − 4R2µν +R2 + 12RµνλσHµνaHλσa −RµνH2µν + 16RH2
+ 1144 (H
2)2 − 18 (H2µν)2 + 524H4. (4.66)
We may now compare this with the CP-even four-derivative Lagrangian obtained by dualizing the heterotic
string. The most straightforward comparison is with (4.28) and (4.29), and the result is
e−1Lo-oloop = 2e−1LCP-even −Rµνλσ(Ω+)2, (4.67)
or equivalently
2e−1LCP-even = t4t4R(Ω+)2 + e−1Lo-oloop. (4.68)
Since Lo-oloop here corresponds to the odd-odd sector, we conclude that t4t4R(Ω+)2 arises from the even-even
sector. Furthermore, this justifies the identification of the remaining terms in (4.38) as arising from the odd-odd
sector.
5 H2R3 and H4R2 terms in ten dimensions
At this point, it is worth recalling what we have learned. Based on a combination of four and five point function
results, we have conjectured in Section 2 that the one-loop eight-derivative effective Lagrangian for the type
II string in ten dimensions takes the form given in (2.45) in the NSNS sector. In particular, for all except
the odd-odd spin structure sector, the Lagrangian is obtained from the purely gravitational correction by the
replacement R → R(Ω+), where Ω+ is the connection with torsion defined in (2.33). We have given evidence
for this conjecture by considering T-duality in Section 3 and six-dimensional heterotic/IIA duality in Section 4.
In fact, the six-dimensional four-derivative Lagrangian, (4.49), provides additional information about the
five and six-point function results in ten dimensions, albeit up to some ambiguities. To see this, we recall that
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(4.49) is obtained by K3 compactification of the IIA string. This allows us to lift the six-dimensional four-point
function to a ten-dimensional six-point function with two legs on K3.
Before considering the lift, it is more straightforward to start with the reduction of (2.45) on a background
taken to be the direct product of K3 with a six-dimensional spacetime. In this case, the ten-dimensional
Riemann tensor with torsion, R(Ω+), splits into separate internal and external parts. Furthermore, since
there is no internal H-flux, the internal Riemann is torsion-free. In this case, only the factorized parts of
(2.45) contribute to four-derivative couplings in six dimensions. The reduction follows by making use of the
topological data of K3
− 1
24π2
∫
K3
trR ∧R = σ(K3) = −16,
1
32π2
∫
K3
d4x
√
h(R2µνρσ − 4R2µν +R2) = χ(K3) = 24. (5.1)
We find
Lα′3loop
∣∣∣
K3
= (2π
√
α′)4
[√−g α′
16
(
t4t4R(Ω+)
2 − 18 ǫ6ǫ6R(Ω+)2 − 16ǫ6ǫ6H2R(Ω+)2 + · · ·
)
+
α′
4
B2 ∧ 1
2
(
trR(Ω+)
2 + trR(Ω−)
2
)]
. (5.2)
Note that the H2(∇H)2R(Ω+) term in ten dimensions does not survive the K3 reduction. The dimensionful
factor out front may be absorbed in the six-dimensional gravitational constant along with the definition of the
six-dimensional dilaton. The terms in the square brackets then match their six-dimensional counterparts given
in (4.49), except for the ǫ6ǫ6H
4 term, which was unspecified in ten dimensions.
The reason the ǫ6ǫ6H
4 term was not seen is that it uplifts to an expression of the form ǫ10ǫ10H
4R2, which
can only be probed by six or higher point functions. Of course, we can directly lift (4.49) on K3, and thereby
make a prediction for the six-point function. However, there is a slight complication involved, and that is that
there are several possible ways to write out the six-dimensional H4 term with two ǫ tensors. In particular,
there are six natural combinations
A1 = ǫαβµ1···µ4ǫαβν1···ν4Hµ1ν1aHµ2ν2aHµ3ν3bHµ4ν4 b = −2[(H2)2 − 2(H2µν)2 − 2H4],
A2 = ǫαβµ1···µ4ǫαβν1···ν4Hµ1µ2aHν1ν2aHµ3µ4bHν3ν4b = −8[(H2)2 − 3(H2µν)2],
A3 = ǫαµ0µ1···µ4ǫαν0ν1···ν4Hµνν0Hν1ν2µ0Hµ3ν3aHµ4ν4 b = −2[(H2)2 − 2(H2µν)2 − 2H4],
A4 = ǫαµ0µ1···µ4ǫαν0ν1···ν4Hµνν0Hν1ν2µ0Hµ3µ4aHν3ν4a = −4[(H2)2 − 5(H2µν)2 + 4H4],
A5 = ǫαµ0µ1···µ4ǫαν0ν1···ν4Hµ0µ1µ2Hν0ν1ν2Hµ3ν3aHµ4ν4a = −6[(H2)2 − 6(H2µν)2 + 6H4],
A6 = ǫαµ0µ1···µ4ǫαν0ν1···ν4Hµ0µ1µ2Hν0ν1ν2Hµ3µ4aHν3ν4a = −12[(H2)2 − 3(H2µν)2]. (5.3)
We have defined the ǫ6ǫ6H
4 term in (4.37) to match A2. However, it could equally well have come from other
contractions, such as
2
3A6, 23 (4A1 +A4), 13 (9A1 +A5), 23 (4A3 +A4), 13 (9A3 +A5), (5.4)
or any linear combinations thereof. All six possible terms, A1, . . . ,A6, have a natural lift to ten dimensions
by taking ǫ6 → ǫ10 and multiplying by Rµ5µ6ν5ν6(Ω+)Rµ7µ8ν7ν8(Ω+). Because there are multiple possible
contractions between H and Riemann in ten dimensions, we expect these lifts to be distinct. Hence there is
an ambiguity at the level of H4R2 that would be resolved by explicit computation of the six point function.
Schematically, we expect the lift of (4.49) to take the form
2e−1δLlift = t8t8R(Ω+)4 + ǫǫR(Ω+)4 + αnH2nR4−n(Ω+) + · · · , (5.5)
where the kinematic structure of the last term is left unspecifie and the ellipsis indicates possible gradient and
Ricci terms. The H2R3 term is fully specified by the five-point function, and is given in (2.45), based on the
result of [15]. As we have just seen, the H4R2 term is partially determined by the uplift of the six-dimensional
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Lagrangian. However, an ambiguity remains as the lift is not unique. Finally, since there is no internal H-flux,
the six-dimensional result cannot make predictions about the structure of H6R and H8 terms. Finally, since
this lift of the six-dimensional Lagrangian confirms the presence of these additional H2nR4−n terms in the odd-
odd spin structure sector, is suggests that there is either some subtlety in the computation of the five-point
function in the Green-Schwarz formalism or in properly identifying the effective Lagrangian in [17], which did
not find these additional terms.
6 To eleven dimensions and . . . back
The one-loop R4 couplings are intimately related to M5 anomalies, and their lift to eleven-dimensions has a
number of important applications.8 Due to the fact that the generalized curvature terms are even in H , the
modified couplings can lifted to eleven dimensions. Roughly, since the H ’s always come in pairs, the new
eleven-dimensional indices coming from Hµνρ → Gˆµνρλ9 also come in pairs and can be contracted with each
other. We shall do this lift by considering the simplest situation when the eleven-dimensional spacetime is a
direct productM11 = M10×S1, and Gˆµνρ11 is the only non-vanishing component of the four-form Gˆ. However,
having obtained the full eleven-dimensional coupling this way, we may subsequently perform the reduction on
a nontrivially fibered circle (non-trivial graviphoton) and with generic G, yielding both the NSNS three-form
H as well as the RR four-form F4. This way we would, in principle, obtain the full eight-derivative one-loop
coupling in IIA involving all RR fields.
Let us briefly recall the story without B2 (or Cˆ3). Taking the eleven-dimensional metric to be
dsˆ211 = e
−φ/3
(
ds210 + e
φ(dψ +A)2
)
(6.1)
yields the IIA action in the string frame. Note that the tree-levelR4 terms do not survive the eleven-dimensional
decompactification limit, while the one-loop terms lift. WhenM11 = M10×S1 the reduction is well understood,
and the ten- and eleven-dimensional terms are related as
α′3
2κ210
∫
M10
B2 ∧X8(R) ↔ (4πκ
2
11)
2/3
κ211
∫
M11
Cˆ3 ∧X8(Rˆ) . (6.2)
Note that the radius of the circle does not need to be taken constant, since due to the conformal invariance of
X8 the dilation drops out of the ten-dimensional coupling. The reduction of the eleven dimensional completion
of (t8t8− 18ǫ10ǫ10)R4 is more subtle, as these terms are not conformally invariant. However, one can show that
the expression with complicated dilation dependance obtained via the direct reduction is on-shell equivalent to
the standard one-loop term without dilation, as discussed in [57]. We shall return to the dilation shortly. The
reduction with nontrivial graviphoton has been discussed in [58].
Before considering the lift of the ten-dimensional term to eleven dimensions, let us look at the four-form
Gˆ. Define the O(1,10)-valued one-form
Gˆabc1 = 4Gˆµρλdxˆµeˆaν eˆbρeˆcλ . (6.3)
With the standard reduction Gˆ4 = F4 + H3 ∧ e (with e = dψ + A, and the induced ten-dimensional Bianchi
identities dH3 = 0 and dF4 −H3 ∧ F2 = 0) and using the metric (6.1), we can see
Gˆabc1 −→ (eφ/2Fabc;Hab) , (6.4)
where F and H are O(1,9)-valued one-forms. Of course the latter is familiar and enters the connection with
torsion Ω± = Ω ± 12H. It is important that the H that arises from the reduction of Gˆ comes without powers
of the dilation, and hence all NSNS sector terms produced from reduction of the modified eleven-dimensional
R4 terms are at one loop.
It is useful to write down the explicit expressions for the characteristic class computed from the connection
with torsion Ω± = Ω± 12H, where Hab = Hµabdxµ. Of course the shift in the connection results in a shift of
8While the supersymmetric completion of the eleven-dimensional R4 term may be studied directly [51–56], the lift from ten
dimensions provides a complementary approach as well as potential new insight into the web of dualities.
9We shall hat all the eleven-dimensional quantities.
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the characteristic class by an exact term. In particular
p1(Ω±) = − 1
8π2
(
trR2 + d
(
±trHR+ 1
4
trH∇H± 1
12
trH3
))
, (6.5)
and similarly for p2 (although for p2 the shift term is very long and not very enlightening). We can write down
the relevant averaged quantity
X4 =
1
2
(p1(Ω+) + p1(Ω−)) = − 1
32π2
(
trR2 +
1
4
d trH∇H
)
. (6.6)
This four-form appears in the six-dimensional couplings and is to completed in the CP-even sector by (4.38)
or equivalently (4.28). The ten dimensional couplings involve the following eight-form:
X8 =
1
192(2π)4
[(
trR4 − 1
4
(trR2)2
)
+
d
(
1
2
tr
(H∇HR2 +HR∇HR+HR2∇H)− 1
8
(
trR2 trH∇H + 2trHR trR∇H)
1
16
tr
(
2H3(∇HR+R∇H) +HRH2∇H +H∇HH2R)
−1
2
(
trH∇H trRH2 + trR∇H trH3 + tr∇HH2 trHR)+
1
32
tr∇HH5 − 1
192
tr∇HH2 trH3 + 1
16
trH(∇H)3 − 1
64
trH∇H tr (∇H)2
)]
. (6.7)
In order to discuss the lift to eleven dimensions (or as a toy example from six to seven dimensions) we think
of the simplest situation when MD+1 = MD × S1, i.e. the higher-dimensional spacetime is a direct product
of the lower-dimensional one with a circle at fixed radius, and Hµνρ = Gˆµνρ11 and Gˆµνρλ = 0. One can
simply add an extra summation index on H and then check that (6.6) and (6.7) are correctly reproduced from
higher-dimensional couplings.10 Note that taking M11 to be a generic circle bundle and taking generic G4 we
recover the full IIA set of our eight-derivative couplings at one loop, with RR fields (the three-form and the
ten-dimensional graviphoton) included.
We start with the lift of the six-dimensional CP-odd term. The seven-dimensional lift of the coupling
involving the four-form (6.6) is rather straightforward.11
1
4
B2 ∧X4 −→ − 1
32π2
C3 ∧
(
trR2 − 1
12
d
(Gabc ∧ (∇G)abc)) . (6.8)
Even the lifting of its CP-even completion is not too difficult. The action (4.28) lifts to
e−1δLlift = R2µνλσ − 2R2µν + 12R2 − 16RµνG2µν + 148RG2 + 16∇µGναβγ∇νGµαβγ
+ 148GµνλρG
µρα
βG
νσβ
γG
λγ
ασ +
1
288·12 (G
2)2 − 1216 (Gµν)2 + (eom)2. (6.9)
The eleven-dimensional lift of (6.7) is going to be a little more troublesome, and we do not fully know its
CP-even completion so will not attempted the lift. We note that there are again ambiguities associated with
this lifting as the number of possible terms in ten dimensions is larger that their ten-dimensional descendants.
Consider, e.g.
trH(∇H)3 − 1
4
trH∇H tr (∇H)2 −→
AGˆabc∇ˆGˆbde∇ˆGˆcdf ∇ˆGˆefa +BGˆabc∇ˆGˆbcd∇ˆGˆdef ∇ˆGˆefa + CGˆabe∇ˆGˆabe∇ˆGˆcdf ∇ˆGˆcdf . (6.10)
10Crucially Gˆab11 →Hab has the right scaling to keep the shifted terms at one-loop.
11There is a slight catch — differently from the eleven-dimensional lift, there should also be four-derivative couplings involving the
vectors. (Recall that the O(4, 20)/O(4)×O(20) moduli space in six dimensions lifts to seven-dimensional O(3, 19)/O(3)×O(19).).
We will be ignoring these here.
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The first term reduces only to a single-trace contribution in ten dimensions (if one keeps track of only terms
made of H), and the last term reduces to a double-trace, while the term in the middle can give rise to both
types of ten-dimensional terms. Similarly,
tr∇HH5 − 1
6
tr∇HH2 trH3 −→
∇ˆGˆabgGˆghcGˆcdh
[
A′GˆhdeGˆefiGˆifa +B′GˆdeiGˆefhGˆifa
]
+
C′∇ˆGˆabgGˆbchGˆcdgGˆdeiGˆefhGˆifa +D′∇ˆGˆabiGˆbciGˆcagGˆdehGˆefhGˆfdg, (6.11)
with the first line reducing to single-trace piece in ten-dimensions, the last term to a double trace and the first
term on the second line to a mixed piece. Once more, getting the full IIA coupling is now just a mater of
reduction. Note that by construction all couplings will have even powers of RR fields, as they should.
Although the full eleven-dimensional lift is rather tedious, we may highlight the terms that will arise up to
cubic order in the three-form Cˆ. Starting in the CP-odd sector, we lift B2 ∧X8, were we only explicitly retain
the first two lines of (6.7). The result is
B2 ∧X8 −→ 1
192(2π)4
[
Cˆ ∧
(
tr Rˆ4 − 14 (tr Rˆ2)2
)
+Gˆ ∧
(
1
4
(
RˆabRˆbcGˆcde∇ˆGˆdae + 2RˆabGˆbceRˆcd∇ˆGˆdae + RˆabRˆbc∇ˆGˆcdeGˆdae
)
− 124
(
tr Rˆ2 ∧ Gˆabe∇ˆGˆbae + 6RˆabGˆbaeRˆcdGˆdce
)
+ · · ·
)]
. (6.12)
In the CP-even sector, we need only work to quadratic order in Cˆ. For the even-even sector, we have,
schematically
t8t8R(Ω+)
4 = t8t8(R
4 + 6(∇H)2R2 + 2H2R3 + · · ·). (6.13)
The lift of t8t8(∇H)2R2 is, unfortunately, not as straightforward as it may appear. A simple attempt at the
lift would be to take
tµ1···µ88 t
8
ν1···ν8∇µ1Hµ2ν1ν2∇µ3Hµ4ν3ν4Rµ5µ6ν5ν6Rµ7µ8ν7ν8
−→ tµ1···µ88 t8ν1···ν8∇µ1Gˆµ2ν1ν2a∇µ3Gˆµ4ν3ν4aRˆµ5µ6ν5ν6Rˆµ7µ8ν7ν8 . (6.14)
However, the reduction would generate terms with not just a = 11 (as intended), but also µ2 = µ4 = 11 and
ν1 or 2 = ν3 or 4 = 11. These undesirable additions can be avoided by expanding out the t8t8 contractions in
full, and then lifting each individual term in the expansion. This, however, leads to a proliferation of terms.
We will not attempt to write out this lift, but we instead note that a direct eleven-dimensional construction of
the (∇ˆGˆ)2Rˆ2 terms, which we denote by ∆L
(
(∇ˆGˆ)2Rˆ2
)
, is given in [53,59–61]. As discussed in [53], the circle
reduction of ∆L
(
(∇ˆGˆ)2Rˆ2
)
matches t8t8(∇H)2R2. (Moreover, when compactified on K3, it agrees with the
(∇G)2 term in the seven dimensional action (6.9).) Hence this expression is indeed the desired lift (up to a
few ambiguities that are fixed by the five-point function). The lift of t8t8H
2R3 is more direct, and we find
t8t8R(Ω+)
4 −→ t8t8Rˆ4 +∆L
(
(∇ˆGˆ)2Rˆ2
)
− tµ1···µ88 t8ν1···ν8Gˆµ1ν1abGˆµ2ν2abRˆµ3µ4ν3ν4Rˆµ5µ6ν5ν6Rˆµ7µ8ν7ν8 + · · · .
(6.15)
For the lift of the odd-odd part of the CP-even sector, it is best to start from (2.32), which keeps all the H
terms explicit. (Moreover this expression demonstrates that there are no ∇H terms contributing at quadratic
order.) The lift then takes the form
− 18ǫ10ǫ10(R4 + 23H2R3 + · · ·) −→ − 124ǫαβγµ1···µ8ǫαβγν1···ν8Rˆµ1µ2ν1ν2Rˆµ3µ4ν3ν4Rˆµ5µ6ν5ν6Rˆµ7µ8ν7ν8
− 196ǫαµ1···µ10ǫαν1···ν10Gˆµ1µ2ν1ν2Gˆµ3µ4ν3ν4Rˆµ5µ6ν5ν6Rˆµ7µ8ν7ν8Rˆµ9µ10ν9ν10
+ · · · . (6.16)
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We now collect (6.12), (6.15) and (6.16) to give the eleven-dimensional Lagrangian
2κ211 LM = Rˆ ∗ 1− 12 Gˆ ∧ ∗Gˆ− 16 Cˆ ∧ Gˆ ∧ Gˆ+ (4πκ211)2/3
(√−g(t8t8 − 124ǫ11ǫ11)Rˆ4 + Cˆ ∧X8(Ωˆ))
+∆L
(
(∇ˆGˆ)2Rˆ2
)
+ (4πκ211)
2/3√−g
[
−t8t8Gˆ2Rˆ3 − 196ǫ11ǫ11Gˆ2Rˆ3
]
+(4πκ211)
2/3 Gˆ
192(2π)4
∧
[
1
4
(
RˆabRˆbcGˆcde∇ˆGˆdae + 2RˆabGˆbceRˆcd∇ˆGˆdae + RˆabRˆbc∇ˆGˆcdeGˆdae
)
− 124
(
tr Rˆ2 ∧ Gˆabe∇ˆGˆbae + 6RˆabGˆbaeRˆcdGˆdce
)]
+O(Gˆ4) , (6.17)
where t8t8Gˆ
2Rˆ3 and ǫ11ǫ11Gˆ
2Rˆ3 are implicitly defined in (6.15) and (6.16), respectively. The relevance of this
Lagrangian will be discussed shortly. The eight-derivative terms in the first line are standard [11, 62]. The
difficulties in the direct eleven-dimensional construction of the Gˆ2Rˆ3 terms are discussed in [56].
7 Discussion
We shall conclude by providing a partial list of questions that was not addressed in this paper.
Dilaton: We have mostly ignored the dilaton in our discussion, and believe that our expressions are correct.
This point of view is vindicated in part by the discussion of Section 4, where the absence of the dilaton in the
complete six-dimensional action (4.49) is a result of the dualisation (and not simple a “result” of ignoring the
dilaton). It would have been nice to be able prove this in full generality. One could have imagined the correct
dilation dependance to come from a reduction from M-theory to type IIA. Let us recall what is known about
this without modifying the α′3 terms by H . It is not hard to show that, as far as the one-loop topological part
goes, the reduction Cˆ3∧X8(Ωˆ) −→ B2∧X8(Ω) produces no dilaton-dependent terms. Such terms naively arise
in reducing the eleven-dimensional (t8t8 − 124ǫ11ǫ11)Rˆ4 terms from eleven to ten. However they can be shown
to be on-shell equivalent to the standard (t8t8 − 18ǫ10ǫ10)R4 one-loop terms without any dilation dependance.
The mixed terms involving eleven-dimensional curvature and four-form flux G discussed in Section 6 do yield
dilaton-dependent terms upon reduction. We have not verified that, as expected, this dependance can be
eliminated on-shell so that the action (2.45) receives no contributions from the dilation.
Higher orders in α′: We have worked here at lowest relevant order in α′. One of the results of the six-
dimensional calculation of Section 4 is that the classical duality map between heterotic and type IIA theories
(4.7) receives no modifications at order α′. On the contrary, it seems such modifications will be needed for the
T-duality transformation in heterotic strings in order to be able to verify the correct T-duality transformation
of the heterotic Bianchi identity to all orders in α′. In many ways it seems like T-duality might be the most
tangible way of computing couplings at higher orders in α′.
Higher orders in α′ also arise in the low energy expansion of the string scattering amplitudes. While we
have focused on the α′3 coupling, which requires an eight-point function to pin down the H8 term, there have
been complementary studies that stick with the four-point function, but work to all orders in α′ [63–68].
Fixing the ambiguities and generalized geometry: In two instances, namely in Section 5 and Section 6,
we have obtained some information about the higher-dimensional couplings from lower-dimensional ones. As
we discussed, these lifts are ambiguous. In particular, up to this ambiguity, we have discussed H2R3 and
H4R2 terms here and have left H6R and H8 terms completely unfixed. Most likely T-duality provides a more
realistic calculation path towards fixing these terms than direct string seven- and eight-point calculations. For
the eleven-dimensional couplings of Section 6, supersymmetry is a priori the only available tool [51–56]. In
this context, not to mention the obvious self-interest, a formal understanding of the couplings in terms of
generalised geometry might be very interesting. Indeed, on the generalised tangent bundle E
0−→T ∗M −→E−→TM −→ 0, (7.1)
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the torsionful connections Ω± appear naturally, and one is led to asking how much generalised geometry
captures the systematics of the string perturbation theory, and not just classical supersymmetry. Hopefully we
have provided here enough information about the higher-derivative couplings to use as a meaningful guideline
in search of “characteristic” higher-curvature objects in generalised geometry.12 Finding these is probably the
most practical way of completing (2.45).
Theories with eight supercharges: Finally, another venue of research is to study Calabi-Yau reductions
of the modified couplings and their effect in N = 2 four-dimensional theories (and related six-dimensional
(1, 0) theories13). As already remarked, not all the ambiguities in αnH
2nR4−n(Ω+) have been fixed for n ≥ 2.
However, most of these terms are not relevant for Calabi-Yau compactifications. In fact, for N = 2 actions
arising from reductions without internal fluxes, for the couplings involving up to four derivatives, only terms
at most cubic in H are relevant. In other words, the action in (2.45) should suffice. It is known that R2 terms
coupled to scalars in vector multiplets descend from ten-dimensional R4 terms. Our ten-dimensional couplings
seem to predict four-derivative couplings quadratic in H . However the B-field in Calabi-Yau reductions of
the IIA theory is a part of a hypermultiplet, and hence the study of the modified couplings in the Calabi-Yau
reductions can provide interesting knowledge about the interactions between the hyper and vector multiplets
beyond the well-known two-derivative factorization of the respective moduli spaces. In this context, the fact
that the eleven-dimensional action up to cubic order in three-form Cˆ, (6.17), is known without ambiguities
becomes very important.
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A Conventions, definitions and some useful formulae
We collect here some of our conventions and useful formulae.
⊲ Connections and curvatures: The connection with torsion is defined as Ω± = Ω ± 12H, which reads in
components
Ω±µ
αβ = Ωµ
αβ ± 12Hµαβ . (A.1)
The curvature computed out of Ω± is then
R(Ω±) = R± 12dH + 14H ∧H, Hαβ = Hµαβdxµ, (A.2)
or in components
R(Ω±)µν
αβ = Rµν
αβ ±∇[µHν]αβ + 12H[µαγHν]γβ . (A.3)
where Rµν
αβ denotes the Riemann tensor. In all quantities computed from connection with torsion we write
the argument Ω±. The quantities without an argument by default use the Levi-Civita connection. Note that
R(Ω±)µν
αβ satisfies a useful Bianchi identity (due to closure of H):
R(Ω+)µναβ = R(Ω−)αβµν . (A.4)
12An obvious, though likely naive, obstacle is that on E differently from Riemannian geometry the no-torsion condition does
not lead to an unambiguous generalized Riemann tensor [69]. This causes no problems as far as the two-derivative supergravity
is concerned.
Note also that E captures the information about the metric and the B-field, and in order to cover the full NSNS sector one
has to work on E ⊗ L where L is a trivial line bundle with sections exp(−φ) ∈ L. Hence thinking about the relation of the α′3
coupling in generalized geometry will most likely also provide a natural way of incorporating the dilation in the couplings.
13For the (1, 0) theory, only the special case where the gravitational terms do not enter the Bianchi identity was considered so
far [47–50].
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Finally, we use R¯(Ω±) for the linearised curvature.
⊲ Backgrounds with isometry: For testing the T-duality properties, we shall consider U(1) fibered back-
grounds: U(1) →֒ M π−→ MB. The curvature of the globally defined smooth one-form e is denoted by T :
de = π∗T and T ∈ H2(MB,Z). For H respecting the isometry, we have
H3 = h3 + T˜ ∧ e, (A.5)
where h3 = db2 − b1 ∧ T , so that dh3 = −T˜ ∧ T .
The connection Ω± can be written in terms of horizontal quantities:
Ωαβ± = ω
αβ
± − 12 (T ∓ T˜ )αβe,
Ωα9± = − 12 (T ± T˜ )αγeγ , (A.6)
where ω+ = ω +
1
2h.
Rαβ(ω±) = R
αβ ± 12∇γhδαβeγ ∧ eδ + 14hγαǫhδǫβeγ ∧ eδ. (A.7)
And the Bianchi identity for Rαβ(ω+):
R(ω+)µναβ = R(ω−)αβµν +∇[αhβµν] = R(ω−)αβµν − T[αβ T˜µν] . (A.8)
⊲ Odd-odd sector: Throughout the text we use a shorthand notation for quantities such as ǫ10ǫ10R
4. These
expressions use the covariant epsilon tensor so that e.g.
ǫ10ǫ10R
4 = ǫαβµ1···µ8ǫ
αβν1···ν8Rµ1µ2ν1ν2R
µ3µ4
ν3ν4R
µ5µ6
ν5ν6R
µ7µ8
ν7ν8 . (A.9)
Note that a pair of indices is contracted between two epsilons. It is not hard to check that
ǫ10ǫ10R
4(Ω+) = ǫ10ǫ10R
4(Ω−) (A.10)
In the odd-odd sector one also encounters other structures, such as
ǫ10ǫ10H
2R3 = ǫαµ0µ1···µ8ǫ
αν0ν1···ν8Hµ1µ2ν0Hν1ν2
µ0Rµ3µ4ν3ν4R
µ5µ6
ν5ν6R
µ7µ8
ν7ν8 , (A.11)
with only one index contracted between two epsilons. Even if we use a similar shorthand for the terms with
higher powers of H , their structure is less algorithmic, and specific contractions are spelled out in the body of
the paper where needed.
⊲ Even-even sector (t8 tensor): A similar shorthand appears in the even-even sector expressions:
t8t8R
4 = tµ1···µ8tν1···ν8R
µ1µ2
ν1ν2R
µ3µ4
ν3ν4R
µ5µ6
ν5ν6R
µ7µ8
ν7ν8 . (A.12)
The t8 tensor is antisymmetric within a pair of indices and is symmetric under exchange of a pair of indices:
tµ1µ2···µ8 = −tµ2µ1µ3···µ8 = tµ3µ4µ1µ2µ5···µ8 . (A.13)
This leads to the identity
t8t8R
4(Ω+) = t8t8R
4(Ω−). (A.14)
The explicit expression for t8 quartic in the metric is not very useful, but it can be defined via:
t8M
4 = 24
(
trM4 − 14 (trM2)2
)
, (A.15)
for any antisymmetric matrix M . It is also related to ǫ8 via some Γ-matrix algebra:
1
24
ǫi1···i8Rµ1µ2 (Γ
µ1µ2)
i1i2 · · ·Rµ7µ8 (Γµ7µ8)i7i8 =
1
2
ǫµ1···µ8Rµ1µ2Rµ3µ4Rµ5µ6Rµ7µ8
+ tµ1···µ88 Rµ1µ2Rµ3µ4Rµ5µ6Rµ7µ8 (A.16)
Finally, there is a relation between ǫ10ǫ10 and t8t8 structures:
1
8
ǫ10ǫ10R
4 = t8t8R
4 + 192 trRµνRρλtrRµρRνλ
−768 trRµνρλRµ σ ρ δRσ ι ν κRδιλκ +Ricci terms . (A.17)
Note that the former does not contain any Ricci-like term. The internal contractions on the four-index curvature
tensor appear only inside ǫ10ǫ10R
4.
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B T-duality (revisited) and CP-even terms
For the most part, and certainly “conceptually”, we have been treating all O(α′3) corrections as a single
object. However, the discussion of T-duality has been a notable exception; the discussion of Section 3 covers
only the CP-odd part, i.e. the even-odd + odd-even spin structure sectors. The reason the CP-even part has
been relegated to the poor relative status to be placed in an appendix is simple. The expressions are big,
cumbersome and fairly unenlightening. Nevertheless, for sake of completeness, if for nothing else, here we do
discuss of the CP-even terms, which consist of the even-even and odd-odd sectors. To keep the expressions
manageable, we shall just present in detail only the six-dimensional four-derivative couplings here. Similar
ideas for using T-duality in the CP-even sector to constrain the B-field and dilaton contributions to the ten-
dimensional eight-derivative Lagrangian were considered in [70, 71].14
B.1 Circle reduction of CP-even terms
As shown in Section 3.4, the CP-odd anomalous couplings in a background with an isometry transforms as a
part of a doublet under T-duality. The six dimensional version of the coupling (3.44) reads as:∫
M6
B ∧ [X4(Ω+) +X4(Ω−)] =
∫
M5
b1 ∧ (X˜4 − X˜2 ∧ T )
∣∣
averaged
− h3 ∧ X˜2
∣∣
averaged
. (B.1)
Here we shall focus on its completion:
2e−1δLCP-even = e−1Le-eloop + e−1Lo-oloop, (B.2)
where
e−1Le-eloop = t4t4R(Ω+)2 = Rµνρσ(Ω+)2,
e−1Lo-oloop = − 18ǫ6ǫ6
(
R(Ω+)
2 + 43H
2R(Ω+) +
1
9H
4
)
= E4 +
2
3R(Ω+)H
2 + 4Rµνρσ(Ω+)H
µρaHνσa − 4Rµν(Ω+)H2µν + 19 (H2)2 − 23H4 . (B.3)
This is the form of the six-dimensional four-derivative Lagrangian given in (4.32).
We shall now compactify on a circle and examine the properties of (B.2) under T-duality. We use the
conventions of Section 3 and begin by making the observation that (3.12) may be written as
Rαβ
γδ(Ω+) = Rαβ
γδ(ω+)− 14 (T+αγT+βδ − T+αδT+βγ + T−αβT γδ− )− 14T+αβT γδ− ,
Rα9
γδ(Ω+) = − 12Dα(ω+)T γδ− ,
Rαβ
γ9(Ω+) = − 12Dγ(ω−)T+αβ ,
Rα9
γ9(Ω+) =
1
4T+αδT
γδ
− , (B.4)
while (3.14) may be written as
Rαβ(Ω+) = Rαβ(ω+)− 14 (T 2+αβ + T 2−αβ),
Rα9(Ω+) = − 12Dγ(ω−)T+γα,
R9α(Ω+) = − 12Dγ(ω+)T−γα,
R99(Ω+) =
1
4 (T+T−). (B.5)
We first examine Le-eloop. The circle reduction proceeds by taking
RABCD(Ω+)
2 = Rαβγδ(Ω+)
2 + 2Rα9γδ(Ω+)
2 + 2Rαβγ9(Ω+)
2 + 4Rα9γ9(Ω+)
2. (B.6)
14In [72] a combination of (different and multiple) dualities is argued to lead also to a dual for C3 ∧ X8. Such couplings are
beyond the scope of our present consideration.
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Using the Riemann reduction (B.4), integrating by parts and simplifying, we find
e−1Le-eloop = 12 [Rαβγδ(ω+)2 +Rαβγδ(ω−)2] + [(Dα(ω+)T−αλ)2 + (Dα(ω−)T+αλ)2]
− 14 [Rαβγδ(ω+)Tαβ+ T γδ− +Rαβγδ(ω−)Tαβ− T γδ+ ]
−[Rαβ(ω+)T 2αβ− +Rαβ(ω−)T 2αβ+ ]
+ 12hαβλ[T
γλ
+ Dγ(ω−)T
αβ
+ − T γλ− Dγ(ω+)Tαβ− ]− 18 [(hαβλTαβ+ )2 + (hαβλTαβ− )2]
+ 14hαβλhγδ
λ[Tαγ+ T
βδ
+ + T
αγ
− T
βδ
− ]− 18 [(T 2+)2 + (T 2−)2] + 38 [(T 2+µν)2 + (T 2−µν)2]
− 58T−αβT βγ+ T−γδT δα+ + 116T 2+T 2− + 14T 2+µνT 2µν− + 716 (T+T−)2
+ 116 (T+T−)[T
2
+ + T
2
−] +
1
8 [T
2
+µν + T
2
−µν ]T
µλ
+ T
ν
−λ. (B.7)
Note that we are ignoring all scalars in this circle reduction.
We may pause and draw some conclusions already. Since (B.7) contains the entire even-even sector, it
should by itself transform properly under T-duality. Indeed, it is conveniently written in terms of T-duality
invariants R(ω±) and T+ and an anti-invariant T−. Note that (B.7) has only even combined powers of h3 and
T˜ . It is naturally decomposed as
Le-eloop = Le-eloop
∣∣
inv
+ Le-eloop
∣∣
anti-inv
, (B.8)
where the first term contains even powers of T− and second contains odd powers. As in (B.1), it is a part of
a T-duality doublet (the other part being Le-eloop
∣∣
inv
− Le-eloop
∣∣
anti-inv
). At the level of the three-point function
(which we discuss below), we have
e−1Le-eloop
∣∣
inv
= 12 [Rαβγδ(ω+)
2 +Rαβγδ(ω−)
2] + · · · ,
e−1Le-eloop
∣∣
anti-inv
= − 14 [Rαβγδ(ω+)Tαβ+ T γδ− +Rαβγδ(ω−)Tαβ− T γδ+ ] + · · · . (B.9)
We now turn to the odd-odd spin structure sector. From (B.2), we see that there are six terms to reduce.
In order to reduce E4, we first obtain
RABCD(Ω+)R
CDAB(Ω+) = Rαβγδ(ω+)R
αβγδ(ω−)− [Rαβγδ(ω+)Tαγ+ T βδ+ +Rαβγδ(ω−)Tαγ− T βδ− ]
− 14 [Rαβγδ(ω+)Tαβ− T γδ+ +Rαβγδ(ω−)Tαβ+ T γδ− ]
+Dα(ω+)T−βγD
α(ω−)T
βγ
+ − 18 [(hαβλTαβ+ )2 + (hαβλTαβ− )2]
+ 14hαβλhγδ
λ[Tαγ+ T
βδ
+ + T
αγ
− T
βδ
− ] +
7
32 [(T
2
+)
2 + (T 2−)
2]− 316 (T+T−)2
− 516 [(T 2+µν)2 + (T 2−µν)2] + T+T−T+T− + 18 [T 2+µν + T 2−µν ]T µλ+ T ν−λ
+ 116 [T
2
+ + T
2
−](T+T−),
RAB(Ω+)R
BA(Ω+) = Rαβ(ω+)R
βα(ω+)− 12Rαβ(ω+)[T 2αβ+ + T 2αβ− ]
+ 12D
α(ω−)T+αλD
β(ω+)T−β
λ + 116 [(T
2
+µν)
2 + (T 2−µν)
2]
+ 18T
2
+µνT
2µν
− +
1
16 (T+T−)
2,
R(Ω+)R(Ω+) = R(ω+)
2 − 12R(ω+)[T 2+ + T 2−] + 12R(ω+)(T+T−)
+ 116 [(T
2
+)
2 + (T 2−)
2] + 18T
2
+T
2
− +
1
16 (T+T−)
2 − 18 [T 2+ + T 2−](T+T−).
(B.10)
This can be combined to give
E4 = Rαβγδ(ω+)R
αβγδ(ω−)− 4Rαβ(ω+)Rβα(ω+) +R(ω+)2
−[Rαβγδ(ω+)Tαγ+ T βδ+ +Rαβγδ(ω−)Tαγ− T βδ− ]− 14 [Rαβγδ(ω+)Tαβ− T γδ+ +Rαβγδ(ω−)Tαβ+ T γδ− ]
+2Rαβ(ω+)[T
2αβ
+ + T
2αβ
− ]− 12R(ω+)[T 2+ + T 2−] + 12R(ω+)(T+T−)
+Dα(ω+)T−βγD
α(ω−)T
βγ
+ − 2Dα(ω−)T+αλDβ(ω+)T−βλ − 18 [(hαβλTαβ+ )2 + (hαβλTαβ− )2]
+ 14hαβλhγδ
λ[Tαγ+ T
βδ
+ + T
αγ
− T
βδ
− ] +
9
32 [(T
2
+)
2 + (T 2−)
2]− 38 (T+T−)2
− 916 [(T 2+µν)2 + (T 2−µν)2] + T+T−T+T− + 18T 2+T 2− − 12T 2+µνT 2µν− + 18 [T 2+µν + T 2−µν ]T µλ+ T ν−λ
− 116 [T 2+ + T 2−](T+T−) (B.11)
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The additional terms in (B.2) may be reduced as well. We find
RABCD(Ω+)H
ACEHBDE = 12 [Rαβγδ(ω+) +Rαβγδ(ω−)]h
αγλhβδλ
+ 14 [Rαβγδ(ω+)T
αγ
+ T
βδ
+ +Rαβγδ(ω−)T
αγ
− T
βδ
− ]
− 14 [Rαβγδ(ω+)Tαγ+ T βδ− +Rαβγδ(ω−)Tαγ− T βδ+ ]
− 18 [(hαβλTαβ+ )2 + (hαβλTαβ− )2]− 14hαβλhγδλTαγ+ T βδ−
+ 12hαβγ(T+ − T−)γλ[Dα(ω+)T−βλ +Dα(ω−)T+βλ]
− 116 [(T 2+)2 + (T 2−)2] + 116 [T 2+ + T 2−](T+T−)− 14T+T−T+T−
+ 116 [(T
2
+µν)
2 + (T 2−µν)
2] + 116 [T
2
+µν + T
2
−µν ]T
µλ
+ T
ν
−λ,
RAB(Ω+)H
2AB = Rαβ(ω+)h
2αβ + 14 (2Rαβ(ω+)− h2αβ)[T 2αβ+ + T 2αβ− ]
− 12Rαβ(ω+)[Tαλ+ T β−λ + Tαλ− T β+λ]
− 14hαβγ(T+ − T−)βγ [Dλ(ω−)T λα+ +Dλ(ω+)T λα− ]
− 18 [(T 2+µν)2 + (T 2−µν)2]− 14T 2+µνT 2µν− + 14 [T 2+µν + T 2−µν ]T µλ+ T ν−λ
+ 116 [T
2
+ + T
2
−](T+T−)− 18 (T+T−)2,
R(Ω+)H
2 = R(ω+)h
2 + 14 (3R(ω+)− h2)[T 2+ + T 2−]− 14 (6R(ω+)− h2)(T+T−)
− 316 [(T 2+)2 + (T 2−)2]− 38T 2+T 2− − 38 (T+T−)2 + 916 [T 2+ + T 2−](T+T−),
(H2)2 = (h2)2 + 32h
2[T 2+ + T
2
−]− 3h2(T+T−) + 916 [(T 2+)2 + (T 2−)2]
+ 98T
2
+T
2
− +
9
4 (T+T−)
2 − 94 [T 2+ + T 2−](T+T−),
H4 = h4 + 32hαβλhγδ
λ[Tαγ+ T
βδ
+ + T
αγ
− T
βδ
− ]− 3hαβλhγδλTαγ+ T βδ−
+ 316 [(T
2
+µν)
2 + (T 2−µν)
2] + 34T
2
+µνT
2µν
− − 34 [T 2+µν + T 2−µν ]T µλ+ T ν−λ
+ 38T+T−T+T−. (B.12)
Adding the above together, we find
e−1Lo-oloop = Rαβγδ(ω+)Rαβγδ(ω−)− 4Rαβ(ω+)Rβα(ω+) +R(ω+)2 + 23R(ω+)h2
+2[Rαβγδ(ω+) + Rαβγδ(ω−)]h
αγλhβδλ − 4Rαβ(ω+)h2αβ + 14 (h2)2 − 23h4
− 14 [Rαβγδ(ω+)Tαβ− T γδ+ +Rαβγδ(ω−)Tαβ+ T γδ− ]
−[Rαβγδ(ω+)Tαγ+ T βδ− +Rαβγδ(ω−)Tαγ− T βδ+ ]− 12R(ω+)(T+T−)
+2Rαβ(ω+)[T
αλ
+ T
β
−λ + T
αλ
− T
β
+λ]− 16h2(T+T−) +Dα(ω+)T−βγDα(ω−)T βγ+
−2Dα(ω−)T+αλDβ(ω+)T−βλ + 2hαβγ [T γλ+ Dα(ω+)T−βλ − T γλ− Dα(ω−)T+βλ]
+hαβγ [T
βγ
+ Dλ(ω+)T
λα
− − T βγ− Dλ(ω−)T λα+ ]− 18 [(hαβλTαβ+ )2 + (hαβλTαβ− )2]
+ 14hαβλhγδ
λ[Tαγ+ T
βδ
+ + T
αγ
− T
βδ
− ] + hαβλhγδ
λTαγ+ T
βδ
− +
3
32 [(T
2
+)
2 + (T 2−)
2]
− 18 (T+T−)2 − 316 [(T 2+µν)2 + (T 2−µν)2] + 14T+T−T+T−
− 18 [T 2+µν + T 2−µν ]T µλ+ T ν−λ + 116 [T 2+ + T 2−](T+T−). (B.13)
This complicated expression is again a sum of T-duality invariants and anti-invariants, and hence the coupling
is a doublet in the same sense as in the other sectors. For later reference, we note that
e−1Lo-oloop
∣∣
inv
= − 14 [Rαβγδ(ω+)Tαβ− T γδ+ +Rαβγδ(ω−)Tαβ+ T γδ− ]
−[Rαβγδ(ω+)Tαγ+ T βδ− +Rαβγδ(ω−)Tαγ− T βδ+ ] + · · ·
e−1Lo-oloop
∣∣
anti-inv
= Rαβγδ(ω+)R
αβγδ(ω−) + · · · . (B.14)
The reason the invariant and anti-invariant expressions are flipped is due to the GSO projection, with IIA
having Lo-oloop ∼ − 18ǫǫR2 and IIB having Lo-oloop ∼ + 18ǫǫR2.
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We now comment on the overall T-duality structure of the CP-even terms. Since the even-even and odd-
odd contributions transform independently under T-duality, the expression (t8t8R
4 ∓ 18ǫ10ǫ10R4) transforms
properly under T-duality for either relative sign. We have been discussing only one-loop type IIA terms here,
and hence we have a relative minus between two terms. Recall that eight-derivative couplings at O(α′3) with
a relative + (and an absence of the CP-odd term) appear in the tree-level type IIA action, and in type IIB
(both at tree-level and one-loop). The map
δLCP-even
∣∣
inv
+ δLCP-even
∣∣
anti-inv
↔ δLCP-even
∣∣
inv
− δLCP-even
∣∣
anti-inv
(B.15)
is the map between IIA and IIB variables. Let us also recall that the tree-level terms are weighted by a T-
duality invariant
√−g exp(−2φ). For the one-loop terms we should weigh the parts of the doublet by R10 and
1/R10. We will take a closer look at this below.
Finally lets us recall that the nine-dimensional theory with maximal supersymmetry has an SL(2,Z) R-
symmetry, and its three one-forms form a singlet and a doublet under that group. In (3.44), b1 (which is
identified locally with Bµ9dx
µ for IIA reduction and with gµ9dx
µ for IIB) is the SL(2,Z) singlet. Hence the
whole set of O(α′3) couplings discussed in this paper is also an R-symmetry singlet. The SL(2,Z) doublet part
will have no CP-odd couplings and a relative + between even-even and odd-odd contributions. Similarly, in
eight dimensions the two different factors in the U-duality group have different O(α′3) coupling associated with
them. The SL(2,Z) part will have a doublet of anomalous CP-odd couplings and a relative minus between
even-even and odd-odd contributions, while the SL(3,Z) part has no CP-odd coupling and a relative plus.15
For dimension seven and lower we lose the distinction between these two structures, essentially between J0(Ω+)
and J1(Ω+) defined in (1.6), and the fact that the U-duality group becomes semi-simple is consistent with the
structure of the quantum corrections.
B.2 A look at the string three-point function
As we have seen above, the CP-even expressions split into T-duality invariants and anti-invariants. We now
examine how this is realized on the string world sheet. For simplicity, we examine the one-loop three-point
function for Type II strings compactified on K3× S1. We start with the even-even spin structure amplitude
Ae-e ∼ θµ1ν1θµ2ν2θµ3ν3 ×
[i∂Xµ1 + α
′
2 k1 · ψψµ1 ]
[i∂¯Xν1 + α
′
2 k1 · ψ˜ψ˜ν1 ]
[i∂Xµ2 + α
′
2 k2 · ψψµ2 ]
[i∂¯Xν2 + α
′
2 k2 · ψ˜ψ˜ν2 ]
[i∂Xµ3 + α
′
2 k3 · ψψµ3 ]
[i∂¯Xν3 + α
′
2 k3 · ψ˜ψ˜ν3 ]
. (B.16)
In order to get a non-vanishing contribution at the four-derivative level, we need to take two fermion pairs
from the left-movers and two fermion pairs from the right-moves. Since this already brings in four momenta
factors, the remaining factor must be a bosonic zero mode contraction. In other words, we have schematically
A ∼ 〈∂X∂¯X〉〈k · ψψk · ψψ〉〈k · ψ˜ψ˜k · ψ˜ψ˜〉. (B.17)
For three gravitons, we end up with the usual expression (this time in five dimensions)
Ah-h-h ∼ t4t4R2. (B.18)
This expression has the same form at both small and large radius. It is easy to see that the amplitude for an
odd number of vectors vanish. Hence the only remaining amplitude to consider is that of one graviton and two
vectors. If we let
gµ9 = g9µ = Aµ, Bµ9 = −B9µ = A˜µ, A±µ = Aµ ± A˜µ, (B.19)
the the polarization tensors for the vectors have the form
θµ9 = A
+
µ , θ9µ = A
−
µ . (B.20)
We now consider
Ah-A+-A+ ∼ 〈∂X∂¯X〉〈k · ψψk · ψψ〉〈k2 · ψ˜ψ˜9k3 · ψ˜ψ˜9〉
∼ −k2 · k3〈∂X∂¯X〉〈k · ψψk · ψψ〉〈ψ˜ψ˜〉〈ψ˜9ψ˜9〉, (B.21)
15This distinction is there already for the perturbative SL(2,Z) × SL(2,Z) part of the U-duality group.
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where we have labeled the circle direction explicitly. Since on-shell three-particle kinematics gives ki · kj = 0,
we see that this amplitude vanishes. There is, however, a non-vanishing amplitude for
Ah-A+-A− ∼ 〈∂X9∂¯X9〉〈k · ψψk · ψψ〉〈k · ψ˜ψ˜k · ψ˜ψ˜〉. (B.22)
This involves a bosonic zero mode contraction on the circle
〈∂X9∂¯X9〉 = −σ α
′
8πτ2
, where σ =
{
+1 R→∞,
−1 R→ 0. (B.23)
Putting the h-h-h and h-A+-A− amplitudes together, we find
Ae-e ∼ t4t4R2 + σRµνρσT µν+ T ρσ− , (B.24)
where T± = dA±. (We are ignoring precise numerical factors here.) To be explicit (and in a schematic
notation), we have, for the even-even spin structure
IIA IIB
RA →∞ : t4t4R2 +RTA+TA− RB →∞ : t4t4R2 +RTB+ TB−
RA → 0 : t4t4R2 −RTA+TA− RB → 0 : t4t4R2 −RTB+ TB−
We see that this is T-duality covariant under the relation
TA+ = T
B
+ , T
A
− = −T b−, RA = α′/RB. (B.25)
In particular, t4t4R
2 is invariant, and RT+T− is anti-invariant, in agreement with (B.9).
Turning now to the odd-odd spin structure, we put the first vertex operator in the (−1,−1) picture and
write
Ao-o ∼ θµ1ν1θµ2ν2θµ3ν3 ×
[ψ · ∂X ]ψµ1
[ψ˜ · ∂¯X ]ψ˜ν1
[i∂Xµ2 + α
′
2 k2 · ψψµ2 ]
[i∂¯Xν2 + α
′
2 k2 · ψ˜ψ˜ν2 ]
[i∂Xµ3 + α
′
2 k3 · ψψµ3 ]
[i∂¯Xν3 + α
′
2 k3 · ψ˜ψ˜ν3 ]
. (B.26)
(The ψ ·∂X is a picture changing operator insertion.) Here we have to soak up six fermion zero modes on each
side of the string, and the first non-vanishing contribution will have four momentum factors and will contain
ǫǫ. For three graviton scattering in five dimensions, the ψ9 zero mode can only come from the PCO. As a
result, we find schematically
Ah-h-h ∼ σǫǫR2, (B.27)
where the sign factor σ = ±1 comes from the 〈∂X9∂¯X9〉 zero mode contraction between the two PCO’s.
For one graviton and two vectors, the circle directions must be on opposite sides of the string (otherwise we
would have two 9’s on a single ǫ). This furthermore ensures that the PCO’s will not involve any ∂X9 factors.
Hence we find
Ah-A+-A− ∼ hµ1ν1A+µ2A−ν3ǫµ1k2µ2k3α9ǫν1k2k3ν3α9 ∼ hµ1ν1A+µ2A−ν3kµ12 kν13 kµ23 kν32 . (B.28)
This has the same structure as the even-even contribution, except that it does not have the σ sign factor.
We now see that the odd-odd spin structure contributes
Ao−o ∼ σǫǫR2 +RµνρσT µν+ T ρσ− . (B.29)
In order to see the implications for the IIA and IIB strings, we must take the different GSO projections into
account. In particular, this gives an extra sign for the IIB string. As a result, we have
IIA IIB
RA →∞ : ǫǫR2 +RTA+TA− RB →∞ : −ǫǫR2 −RTB+ TB−
RA → 0 : − ǫǫR2 +RTA+TA− RB → 0 : ǫǫR2 −RTB+ TB−
which we can verify is properly T-duality covariant. (Recall, also, that both t4t4R
2 and ǫǫR2 are identical at
the Riemann-squared level. We are also ignoring the five-dimensional antisymmetric tensor field.) This agrees
with the odd-odd expresion (B.14).
Finally, in addition to providing a consistency check of T-duality, this calculation demonstrates that, at the
three-point function level, the vector fields must enter in the T+T− combination, and not as T+T+ + T−T−.
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